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Indentation is a useful technique for studying the mechanical properties of a 
material. Measurable mechanical properties from indentation include time-dependent as 
well as time independent properties. Among these mechanical properties, time-dependent 
permanent deformation (creep) is of interest in this study. The purpose of this study is to 
explore the behavior of creep deformation of a solid under indentation. The main 
scientific research tool will be the finite element method. 
Existing works by others provide limited solutions that allow us to correlate 
uniaxial creep to indentation creep. In this study, the task is taken a step further to 
enhance and modify previous solutions to more realistic indentation situations. 
Indentations with spherical and conical indenter geometries are considered. Practical data 
obtained from indentation creep are usually in the form of displacement (h) – time (t) or 
load (P) – displacement (h). Results in this study are derived to describe this behavior and 
obtain fundamental creep parameters from it. 
Elasticity may not be ignored in the majority of indentation situations. Therefore, 
the effect of finite elastic deformation is considered in this study with the intention of 
characterizing elastic transient phenomena. From the results, certain criteria in terms of 
an experimentally measurable parameter will be suggested in order to avoid 
misinterpreting indentation data influenced by the initial elasticity. 
The effect of finite strain – finite deformation in indentation is investigated. 
Creep solutions provided by others usually assume infinitesimal strain – infinitesimal 
deformation. As a result, only blunt cones approaching the geometry of a flat punch 
 v
indenter have been considered for the most part in previous works. In this study, the 
problem of finite strain – finite deformation is addressed for conical indentation. Various 
half-included cone angles of the indenter are considered to account for finite strain – 
finite deformation problems. 
The power law relation is the most common general description of creep 
deformation when strain rate and steady-state stress are involved. However, power law 
breakdown, due to large strain rates and stresses may occur during the initial parts of 
indentation, especially for conical indenters. Modeling of power law breakdown in 
indentation creep is presented and corresponding relations between uniaxial to 
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CHAPTER 1 – INTRODUCTION 
 
Uniaxial Creep 
Creep may be defined as permanent deformation of a material over a certain 
period of time [1]. To fully characterize creep phenomenon, it is necessary to develop a 
constitutive relation among the factors that affect the creep deformation of a material. In 
the simplest consideration, time, stress, and temperature become the significant 
influential factors governing the creep deformation. Amongst these factors, time and 
stress are of interest in this study, and temperature will not be considered explicitly. 
For the purpose of measuring creep in uniaxial tension tests, two representative 
methods are employed in the engineering world. One is to study the rupture induced by 
creep. The other is characterizing the rate sensitivity of a material using standardized 
engineering testing methods, which will be the focus of this study.  
The generally accepted method to characterize uniaxial creep is to conduct 
uniaxial creep tests. In a typical uniaxial creep test, a dog-boned shaped test specimen is 
loaded in tension in a creep testing machine. The load on the specimen is held constant, 
thereby producing a constant stress condition at small strain levels. Strain is recorded 
continuously as a function of time. Figure 1 depicts a uniaxial creep test and the resulting 
strain-time plot. Initially, the specimen undergoes recoverable elastic deformation, which 
manifests itself as an offset on the vertical axis. Following this initial elastic deformation, 
the strain-time curve displays three relatively distinct stages of creep deformation.  
In the first stage of creep, termed primary creep, a decrease in strain rate (slope 



























Then follows a steady-state stage, termed steady-state or secondary creep. Steady-state 
creep is achieved by a balance of hardening and recovery of the material. Steady-state 
creep constitutes a major portion of the creep curve and is usually analyzed in 
characterizing creep behavior. As time elapses, steady state conditions break down and a 
sharp increase in strain rate is observed. The actual stress in this stage of deformation 
physically increases, due to voids and damage evolution in the material. This stage is 
termed “tertiary creep” and generally lasts for a short period of time followed by failure 
of the material. 
 
Creep Constitutive Relationship 
Under a single load, a single creep curve is produced. In order to investigate the 
rate sensitivity to stress, creep curves analogous to Figure 1 are produced at various 
levels of stresses. A schematic description of various creep curves for different applied 
loads is shown in Figure 2. Using the slopes of the steady state regime, a constitutive 
relation correlating the steady state strain rate and stress is formulated. 
Power Law Creep 
Figure 3 is a typical example of a steady state strain rate-stress relationship 
observed for many metals. It is described by a power law constitutive relationship given 
by 
mAσε =ss&                              (1) 
Here, the steady-state strain rate ssε&  is related to stress σ  by a power law equation 






















Each test held at constant temperature 
 5
Hyperbolic sine law creep 
In some instances, power law breakdown at fast strain rates may be observed. A 
hyperbolic sine law equation has been used extensively in characterizing creep behavior 
with power law breakdown. This is described by the relation 
( )[ ]mAA σε 21ss sinh=&                             (2) 
In hyperbolic sine law creep, creep is characterized by a coefficient A1, a hyperbolic sine 
multiplier A2, and an exponent m. Creep test results on pure aluminum have been 
described by a modified version of equation (2). Results provided by Luthy et. al. [2] are 
shown in Figure 4. One can observe a breakdown in power law behavior for normalized 
stresses larger than 4104 −× . A mathematical expression that describes the temperature 






















ss&                         (3) 
Here, Deff is the diffusion coefficient, E is the elastic modulus, and α and K´ are material 
constants. For aluminum, Luthy et. al. gives α=2600 and m=4.8. 
 
Indentation Creep 
Indentation has been widely used in characterizing mechanical properties. The 
basic idea is to load or displace a material with an indenter of known geometry and to 
carefully study the following deformation characteristics. For indenters equipped with 
load-depth sensing capabilities, loading-unloading curves are produced. Using these 


































Figure 4. Hyperbolic sine law creep for pure aluminum [2] 
 
 7
These may include instantaneous mechanical properties as well as time dependent 
mechanical properties. 
Indentation creep refers to the creep deformation of a material under indentation. 
Depending on the creep characteristics, various responses to the loading may be observed. 
Using these responses, we may be able to deduce a correlation of uniaxial creep to 
indentation creep. This process is schematically shown in Figure 5. On the left side of the 
diagram, the material is loaded uniaxially to produce a uniaxial strain rate-stress 
relationship. When indentation is performed on the same material, we may be able to 
describe the creep characteristics from the results of indentation. However, to do so, we 
need to define equivalent stress and equivalent strain rate. In the simplest forms, mean 
pressure and indentation strain rate represent equivalent stress and equivalent strain rate, 
respectively [3]. The conventional definition of mean pressure is given by 
contact
mean A
Pp =                              (4) 
Here, P is the load on the indenter and Acontact is the projected area of contact. The 

















1ε&                           (5) 
Here, lcharacteristic is the characteristic length in the indentation problem and (dh/dt) is the 
displacement velocity of the indenter. Generally, either the radius of contact, a, or the 
depth of indentation, h is used for the characteristic length of indentation. With the use of 
equations (4) and (5), indentation creep constitutive equation may be formulated. A main 
goal of this dissertation is to find a suitable correlation between uniaxial creep and 
























Previous studies on the issue of correlating uniaxial creep to indentation creep 
have used several different approaches. Some involve theoretical modeling of the 
indentation creep boundary value problem [3~8]. Such results provide mathematical 
formulations and sometimes simple closed form mathematical relationships. With the 
development and enhancement of instrumented indentation techniques, experimental 
approaches have been developed to measure uniaxial creep parameters from indentation 
[9~18]. Subsequent to new experimental approaches, numerical modeling techniques 
were applied in efforts to better understand the indentation creep process and to find the 
possible parameters that correlate indentation creep constitutive laws to the uniaxial creep 
constitutive laws [18~22]. Amongst the different approaches, we first examine significant 
results and conclusions drawn from indentation experiments on creeping solids. 
Critical review of significant indentation creep experiments 
For materials exhibiting the power law creep constitutive law given in equation 
(1), the uniaxial creep exponent m has been estimated empirically from indentation for a 
few materials [10, 12~17]. One of the earliest attempts in measuring uniaxial creep 
parameters from small scale indentation used flat punch indentation [10]. For a flat punch 
indenter, a constant stress condition is maintained when a constant load is applied to the 
indenter. Therefore, the creep process is relatively analogous to uniaxial creep conditions. 
Creep exponents estimated using the flat punch indenter showed good agreement with the 
known literature values obtained from uniaxial creep tests. 
For very small scale indentation, the indenter of preference is the three-sided 
pyramidal indenter. This is termed as the Berkovich indenter, which has an advantage 
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over the four-sided Vickers indenter in that three-sided pyramid culminates in a single 
point. One other feature of the Berkovich indenter is that the depth to projected contact 
area ratio is equivalent to a cone with half-included cone angle of 70.3°. Similar to the 
flat punch indenter, uniaxial creep exponents have been estimated using Berkovich 
indenters with different loading schemes. 
Under constant rate of loading conditions, the load is increased throughout 
indentation as linear function of time. Mayo and Nix [12] demonstrated the rate 
sensitivity of a material using a Berkovich indenter under constant rate of loading 
conditions. They reported that the creep exponents obtained from indentation are similar 
to the literature values of uniaxial creep exponents. 
The simplest method to study creep in indentation is the use of the constant load 
and hold method. Here, the load on the indenter is held constant and the corresponding 
changes in depth as a function of time are recorded. Raman and Berriche [13] have 
investigated indentation creep using constant load and hold method. The results provided 
by this work also confirm that the indentation creep exponent obtained from a plot of Iε&  
vs. meanp  is very similar to the reported literature values of uniaxial creep exponent. 
In both the cases mentioned above, constant mean pressure and accordingly a 
constant indentation strain rate are not accomplished due to changes in contact area with 
time. A special type of loading scheme was devised by Lucas and Oliver [17] to resolve 
this complication. By controlling the load in a way such that the ratio of loading rate to 
the current load of indentation is held constant, it was reported that mean pressure and 
indentation strain rate were maintained at constant values. Therefore, one value of 
constant rate of loading divided by load produced a single mean pressure and 
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corresponding single indentation strain rate. The indentation creep exponent estimated 
from this loading method was in good agreement with literature reported uniaxial creep 
exponents. 
Summarizing the three significant experimental results, one is able to infer that 
creep exponent predicted from indentation can be very similar to the unaxial creep 
exponent. However, none of the above mentioned reports provide any scientific 
information on the correlation of uniaxial creep coefficient, A, to the indentation creep 
coefficient, B. Moreover, the similarity in creep exponents from indentation and uniaxial 
tests were an observed phenomenon with limited underlying theoretical principles. 
Similarity transformation 
In the early 1990’s, Hill [6] proposed a mathematical approach to simplify the 
indentation creep problem. By employing a similarity transformation, he was able to 






2ˆ 1−=                            (6) 










⎛= ijije εεε  denotes the 
stress-strain relationship for a power law elastic body, and m is a material constant. When 
m=1, equation (6) describes a linear elastic body. When m→∞, it describes a rigid – 
perfectly plastic body. By employing indentation boundary conditions with a flat punch 
of unit radius, an analytical solution to equation (6) was obtained for certain cases of m. 
For axis-symmetric boundary condition assumptions, Sneddon [23] and Fabrikant [24] 
have independently provided analytical solutions for linear viscous case (m=1). For the 
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rigid – perfectly plastic case, a closed form solution was provided by Prandtl [25] and 
Hill [26] for a 2-dimensional plane indenter boundary condition. The analytical solutions 
for notable cases mentioned above are summarized in Table 1. The definitions of c(m) 
and F(m) in Table 1 will be explained in detail in later sections of the dissertation. 
Significant work of Bower et. al. on indentation creep problem 
Bower et. al. [19] have examined the indentation of a power law creeping solid 
more rigorously. For a load history independent material, correlation between uniaxial 
creep and indentation creep for m of 1 ~ 100 has been studied using the similarity 
transformation concept combined with the finite element method. By using the mean 
pressure and the indentation strain rate as the variables of analysis, they were able to 
deduce many significant conclusions. Conclusions drawn from their work form the 
fundamental basis of this study. The important conclusions are as follows: 
1) For a material characterized by the power law creep relation given in equation (1), 
Bower et. al. have analytically proven that the creep exponent deduced from indentation 
is identical to the uniaxial creep exponent of the material by means of a similarity 
transformation. According to their results, indentation of a power law creeping solid is 
described by an analogous power law relation between the mean pressure and the 
indentation strain rate, ( )mI pB mean=ε& . 
2) Bower et. al. have focused on studying the piling up and sinking in of the material 
surface. In their work, sinking in or piling up are characterized by a simple parameter, the 
‘pile up-sink in parameter’, c. Figure 6 shows the definition of c. Figure 6a illustrates an 
example of piling up for spherical indentation and Figure 6b shows an example of sinking 









Table 1. Analytical solutions of similarity transformation for limited cases 
 
m Boundary Conditions c(m) F(m) 
1 axis-symmetric, frictionless
π
2  (cone) 
2
1  (sphere) π3
8  





















(b) Description of sinking in of the surface for conical indentation 
 
 











The parameter c is defined as the ratio of the true contact radius (atrue) to the nominal 
contact radius computed from the geometry of the indenter (anominal). For spherical 





sphere =                             (7) 
where R is the radius of the indenter and h is the indentation depth. For conical 




ac =                            (8) 
where β is the half-included cone angle. From equations (7) and (8), it is clear that when 
c>1, material piles up around the indenter. Oppositely, c<1 represents sinking in of the 
surface. When c=1, there is no piling up or sinking in of the surface. Bower et. al. showed 
that c depends only on m for a rigid – power law creeping solid under infinitesimal strain 
– infinitesimal deformation assumption. 
3) Most of the empirical studies on indentation of creeping materials are focused on 
estimating the uniaxial creep exponent with little or no effort on the correlation of the 
uniaxial creep coefficient A to indentation creep coefficient B. One of the most significant 
results presented in the work of Bower et. al. is the correlation of uniaxial creep 
coefficient to indentation creep coefficient by a simple parameter. This parameter, termed 










⎛=                           (9) 
Here, A and B are uniaxial creep coefficient and indentation creep coefficient, 
respectively and m is the creep exponent. As is observed from equation (9), the 
correlation between the uniaxial creep coefficient and indentation creep coefficient is a 
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unique function of m provided that the infinitesimal strain – infinitesimal deformation 
assumption is valid. Bower et. al. have solved F(m) for m in the range of 1 ~ 100 using 
finite element method. 
Shortcomings of Bower et. al. results 
Although the results of Bower et. al. are significant in providing a means to 
correlate uniaxial creep to indentation creep in an extensive manner, some of the 
important shortcomings are noted here. 
1) Conclusions of their study focus on correlating the mean pressure and indentation 
strain rate. From an experimental perspective, the mean pressure is not directly available 
unless a knowledge of piling up or sinking in is provided. Therefore, a practical approach 
to the problem of correlating uniaxial creep to indentation creep requires data that are 
readily available from an indentation test. Examples of such data are h (indentation 
depth)-t (indentation time) or P (indentation load)-h (indentation depth) relationships. 
2) Although the effects of finite elasticity in indentation of creeping solid were considered 
to some extent by Bower et. al., a rigorous treatment was not provided. Specifically, 
transients induced by elasticity were not studied explicitly even though they may have 
important consequences for the interpretation of indentation creep results. 
3) Bower et. al. solved the boundary value problem under the assumption of infinitesimal 
strain – infinitesimal deformation. This has a variety of implications depending on the 
indenter geometry. For spherical indentation, the contact radius or depth of indentation is 
the governing variable that determines the effective strain on the solid. Therefore, the 
depth of indentation must be limited to certain levels that are consistent with infinitesimal 
deformation. For conical indenters, the half-included cone angle of the indenter is directly 
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related to effective strain at finite levels. Therefore, conical indentations with various 
half-included cone angles are expected to produce different results compared to Bower et. 
al. predictions. The effects of finite strain – finite deformation from conical indentation 
perspective are not addressed in their study. 
4) The material is characterized by a simple uniaxial power law constitutive law, given in 
equation (1). However, material underneath the indenter may experience very large mean 
pressures and, correspondingly, very fast strain rates. This may lead to power law 
breakdown that is better described by a hyperbolic sine law constitutive law like that 
given in equation (2). The hyperbolic sine law creep constitutive law capable of 
characterizing power law breakdown was not implemented in the previous study. 
 
Objectives of this Dissertation 
Based on the shortcomings of previous studies, the objectives of this dissertation 
are to study the following by means of finite element simulation: 
1) The feasibility of correlating uniaxial creep parameters to indentation creep parameters 
using directly obtainable data from indentation, in particular, h-t and P-h indentation 
curves. 
2) The influence of elasticity on the creep transient and its effect in uniaxial creep 
parameter extraction. Spherical and conical indenters will be considered. The loading 
methods used in this study are generally representative of practical indentation test. 
3) Relations for c(m) and F(m) for conical indentation that account for finite strain – 
finite deformation. Various half-included cone angles will be considered. 
4) Develop a method to extract uniaxial power law creep parameters from indentation 
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with a special focus on both spherical and conical indenters. 
5) Modeling of indentation creep for a hyperbolic sine law creeping solid. In doing so, 
correlation of the uniaxial hyperbolic sine law creep to the possibility of indentation 
hyperbolic sine law creep will be investigated with the intention of developing a method 




















CHAPTER 2 – FINITE ELEMENT PROCEDURE 
 
Constitutive Laws 
Full field finite element simulations for indentation of an elastic – creeping solid 
were performed using the ABAQUS™ finite element software version 6.3-5 [27]. The 
finite-strain / finite-deformation features of ABAQUS™ were used in the simulations. 
Strains calculated in ABAQUS™ also include the effects of material rotations. The 
stresses calculated for the finite elements are the Cauchy stresses. The elastic-viscoplastic 
constitutive relation assumes rate-dependent, isotropic, elasto-viscoplasticity using the 
von Mises yield criteria. The constitutive laws for a power law creeping solid and a 




















&      (hyperbolic sine law)  (11) 
Material properties for the constitutive laws are shown in Table 2. Poisson’s ratio effects 
were not considered in this study. Therefore, it is assigned a constant value of 0.3, a 
typical value for metals. As for power law creep, m was carefully chosen to simulate 
materials with creep exponents ranging from 1 to 10. In hyperbolic sine law creep, m=1, 
3 and 5 were examined. The indenters in the simulations were modeled as perfectly rigid 









Table 2. Material properties for finite element simulations in this dissertation 
 







Hyperbolic Sine Law Creep











Indentation of a creeping solid was modeled by the 2-dimensional axis-
symmetric boundary conditions shown in Figure 7. The deformable creeping solids were 
modeled with a free boundary at the outside. A semi infinite half-space condition was 
achieved by controlling the radius of the creeping solid to exceed the maximum contact 
radius by at least 100 times. This is more conservative than the previous study of Bower 
et. al. [19], which employed a solid that is 20 times larger than the maximum contact 
radius. The radius of the spherical indenter was 1μm. In order to compare with Bower’s 
results, strains for spherical indentation were limited to a/R<0.4. This condition is 
satisfied in all spherical indentations in this study. For conical indenters, the half-included 
cone angle β was chosen as 60°, 70°, and 80°. The 70° cone is of special interest in that 
the depth-to-contact area ratio is similar to that of Berkovich indenter. 
Finite element simulations were performed under load controlled conditions. The 
two types of loading method employed in this study were constant load and hold (CLH) 
and constant rate of loading (CRL). Under the CLH condition, a constant load is 
prescribed on the indenter, and the resulting depth and contact radius are continuously 
monitored as a function of indentation time. Under the CRL condition, the load is linearly 
increased as a function of time and the resulting depth and contact radius are recorded. In 
each of the simulations, the creep deformation process was divided into several hundreds 







(a) Spherical indentation 
 
 
(b) Conical indentation 
 












dP/dt=const. or P=const. 
dP/dt=const. or P=const. 
Rsolid=100amax 
β=60°, 70°, or 80° 
Axis of symmetry 
Axis of symmetry 
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Finite Element Mesh Configuration 
The finite element mesh used in this study is shown in Figure 8. A mesh 
employing 4593 linear, fully-integrated elements was used in modeling the creeping solid. 
A fine mesh employing smaller elements was used close to the indenter tip region to 
capture the contact radius accurately. The maximum contact radius was always within the 
boundary of the fine mesh zone in order to avoid an undesirable transient resulting from 
mesh zone transitioning. 
 
Dimensional Analysis (π-Theorem) 
Dimensional analysis has been found to be a useful tool in reducing the number 
of experiments or simulations in scientific studies. Adopting Buckingham’s π-theorem 
[28], we are able to obtain several dimensionless variables that describe indentation. 
Normalization for CLH Method 
In the CLH method, the primary variables of interest are the indentation depth h, 
indentation time t, and the input indentation load P. By selecting appropriate π-
parameters that contain all the dimensions involved in the problem, we are able to 
normalize the original variables of interest. As for the π-parameters, we select modulus of 
elasticity E, indenter radius R (for spherical indentation) or maximum depth of 
indentation hmax (for conical indentation), and maximum time of indentation tmax. The 







(a) Full mesh description 
 
(b) Detail description of the fine mesh zone 
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Normalization for CRL Method 
 Applying the π-theorem in a manner analogous to the CLH method, we select 
elastic modulus E, indenter radius R (for spherical indentation) or maximum indentation 
depth hmax (for conical indentation), and the loading rate dP/dt as the π-parameters. This 
converts the original boundary value problem into indentation under a unit constant rate 
of loading. The results of this normalization are given in Table 4. 
 
Data Acquisition 
Using the data acquisition capabilities of ABAQUS™, the indentation depth and 
contact radius were directly obtained at increments when the indenter encountered a new 
surface node on the creeping solid. An example of data acquisition is shown in Figure 9. 
Each data point represents a nodal value of indentation depth and contact radius. Average 
values of load, depth, contact radius, and time at successive nodes were used to calculate 
the indentation mean pressures and indentation strain rates. 
 
Avoiding Mesh Discretization Problems 
Mesh discretization problems may occur when obtaining data at small contact 
radii due to an insufficiency in the number of nodes and/or elements in contact with the 
indenter at small contact radius. The effect of this problem is demonstrated in Figure 10, 
which shows the FEM results for an elastic – power law creeping material using spherical 
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Figure 9. Example of data extraction from ABAQUS™ 
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Number of Surface Elements in Contact























Elastic solution predicted by Hertz
 
















10 elements in contact 
1 element in contact 
 
(b) Mesh discretization in terms of indentation strain rate – mean pressure relation 
 
Figure 10. Demonstration of mesh discretization problem 
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As is explained in detail later in Chapter 4, the Hertzian pressure distribution under 
spherical indentation for a linear viscous creeping material (m=1) is identical to that of a 
purely elastic material. This manifests itself as sinking in of the surface in amount equal 
to that of the elastic prediction for power law creeping materials described by m=1. 
However, in Figure 10a, we observe significant scatter in the pile up – sink in prediction 
for m=1 when the indenter is in contact with less than approximately 10 surface elements. 
This is due to the problems caused by mesh discretization. When the indentation strain 
rate – mean pressure relation is considered, the indentation strain rate – mean pressure 
curve is expected to make a gradual transition from the purely elastic prediction to the 
purely creeping prediction for the constant rate of loading condition in a manner shown 
by Figure 10b. The nature of this curve will be discussed in detail in Chapter 4. Here 
again, we observe considerable scatter in the data for results with less than 10 elements in 
contact. We conclude that with the mesh configuration adopted for this dissertation, 
results obtained for 10 or less elements in contact are prone to errors caused by 
discretization, and thus, will be discarded to avoid any further complications in the 
analysis. 
 
Mesh Verification and Accuracy 
The accuracy of the mesh used in this dissertation is verified with respect to 
known solutions and also to the significant existing results by Bower et. al. We first 
examine the spherical indentation for purely elastic case (Hertzian solution). Figure 11 
shows comparison between the results produced from finite element simulation using the 
mesh for this dissertation and the analytic solution by Hertz. It is seen that the finite 
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element results agree well to the analytic solution in terms of both the description in 
sinking in of the surface and the P-h curve. Although it is impossible to model rigid – 
power law creeping solid with m=∞ in finite element method, we are able to use elastic –
perfectly plastic model to simulate rigid – power law creeping solid with m=∞. The 
analogy is explained in detail using conical indentation in Chapter 4. In Figure 12, results 
of spherical indentation with the elastic – perfectly plastic model are obtained using 
E/σy=10000. Therefore, at larger indentation depths, the results are expected to represent 
rigid – power law creeping situation with m=∞. As expected, this is demonstrated in 
Figure 12. As for comparing results from mesh employed in this dissertation to existing 
results from Bower et. al, the results and solutions obtained for spherical indentation of 
elastic – power law creeping solid at larger depth are constantly compared to Bower et. al. 
predictions in Chapter 4. Therefore, the mesh verification in this section provides partial 








































(a) comparison in pile up – sink in parameter, c 
h/R











FEM results for purely elastic model
Hertzian analytic prediction
 
(b) comparison in P-h curves 
 




























FEM results for elastic - time independent perfectly plastic model







Figure 12. Mesh verification using perfectly plastic solution 
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CHAPTER 3 – h-t OR P-h RELATIONSHIP FOR RIGID – 
POWER LAW CREEPING SOLID 
 
In this chapter, we present the theoretical derivation of the indentation depth – 
indentation time (h-t) or indentation load – indentation depth (P-h) relations for a power 
law creeping solid based on the results of Bower et. al. [19]. These mathematical 
formulations are developed under the assumption of rigid – power law creep constitutive 
law. 
 
Spherical Indentation under the CLH Method 
Based on a similarity analysis, Bower et. al. showed that the indentation of a 
power law creeping solid is characterized by an analogous power law relation. Therefore, 
indentation of a solid characterized by 
mAσε =&                                 (12) 
is characterized by 
( )mI pB mean=ε&                               (13) 
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Here, the indentation creep constitutive law is expressed in terms of contact radius a, 
depth h, time t, and load P on the indenter. Employing the definition of pile up – sink in 



































                (15) 
Solving this first-order differential equation with respect to hcreep yields 



































           (16) 
which is the theoretical h-t relationship for indentation of a power law creeping solid 
using spherical indenter under the constant load and hold method. Here, B is the 
indentation creep coefficient and R is the radius of the indenter. 
 
Spherical Indentation under the CRL Method 
For the CRL method, the load on the indenter may be expressed in terms of the 
loading rate P&  and indentation time t as 
tPP &=                              (17) 
Analogous to the procedure for deriving equation (16), we write the indentation strain 
rate to indentation mean pressure relation in terms of primary indentation variables and 



































              (18) 
Solution of equation (18) yields 









































           (19) 
This is the h-t relationship for indentation of power law creeping solid using spherical 
indenter under the CRL method. 
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For the CRL method, the load changes continuously as a function of time or 
depth of indentation. Therefore, the P-h relation may also be deduced from the 
indentation constitutive law. Substituting t with PP &/  in equation (19), we obtain the P-
h relation for spherical indentation under the CRL method: 



































mP π&             (20) 
 
Conical Indenter under the CLH Method 
For conical indentation, we may rewrite equation (13) with primary variables of 
indentation and the pile up – sink in parameter c as 



































               (21) 
Here, β is the half-included cone angle of the conical indenter as defined in Figure 6b. 
Similar to spherical indentation, closed form solution of equation (21) yields the h-t 
relation for indentation of power law creeping solid using conical indenter under the CLH 
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Conical Indenter under the CRL Method 
Substituting P with tP&  in equation (21), we obtain 
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            (23) 
which describes indentation of a power creeping solid using a conical indenter under the 
CRL method. Equation (23) may be solved for hcreep yielding the h-t or P-h relations for 
indentation of a power law creeping solid using a conical indenter under the CRL method. 






































































   (P-h relation)     (25) 
 
Prediction of Uniaxial Power Law Creep Parameters from h-t or P-h 
Curves 
The h-t or P-h relations for indentation of a rigid – power law creeping solid are 
summarized in Table 5. These relationships enable us to predict the uniaxial power law 
creep parameters. The uniaxial creep exponent m is obtained directly from the slope of 
logh-logt or logP-logh relationship. Prediction of the uniaxial creep coefficient A is more 
















h-t or P-h Relationship 






















































































































































































































CHAPTER 4 – INDENTATION OF AN ELASTIC – POWER 
LAW CREEPING SOLID 
 
Previous studies of the indentation of a power law creeping solid provided 
solutions that are subject to certain limitations such as the assumption of indentation 
satisfying infinitesimal strain – infinitesimal deformation condition, the creeping solid 
behaving as elastically rigid, and the application of a power law constitutive relationship 
between stress and strain rate [19]. In this chapter, indentation of power law creeping 
solid is further studied with the intention of providing enhanced and/or modified 
solutions  
Taking advantage of existing solution for spherical indentation [19] satisfying the 
infinitesimal strain – infinitesimal deformation condition, the elastic-creep transient will 
be studied in detail. This transient is carefully documented, and qualitative/quantitative 
conclusions are provided with recommendations and procedures that will be useful to the 
indentation experimentalist. 
For conical indentation, the finite deformation problem is explored in terms of 
the half-included cone angle of the indenter [30]. Modified creep solutions incorporating 
the effects of the half-included cone angle are necessary before the transient can be 
understood. Based on the creep solution for conical indentation, transients occurring from 
elasticity will be explained in detail. 
Overall, recommendations to the indentation experimentalist will be provided for 
extracting uniaxial creep parameters from load and depth sensing indentation results. 
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Elastic-Creep Transients for Spherical Indentation under the CLH 
Method 
Indentation process under the CLH method 
As shown in Figure 13a, the indenter is initially at rest on the surface of the 
creeping solid. Upon loading, the surface is subjected to instantaneous elastic 
deformation. According to the elastic solution for spherical indentation, the material 
surface sinks in, as shown in Figure 13b. After creep commences, the deformation 
undergoes a transient resulting in changes in the surface deformation and pressure 
distribution (Figure 13c). This behavior is influenced by the creep exponent, m. 
Existing creep solution for spherical indentation 
The study of indentation creep under spherical indentation may be summarized 
by two significant parameters, c(m) and F(m), as introduced in Chapter 1. c(m) 
characterizes the extent of piling up or sinking in of the surface. It is seen from the 
solution by Bower et. al. [19] that when m=1, the amount of sinking in is equivalent to 
that of the elastic deformation. The dependence of c(m) on m determined by Bower et. al. 



















mc                 (26) 
F(m) provides a correlation between the uniaxial creep coefficient A, and the indentation 





















































Figure 13. Indentation process under CLH method 
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Figure 14. Pile up – sink in parameter, c, dependence on m for spherical indentation 
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Figure 15. Creep coefficient correlation dependence on m for infinitesimal strain – 
infinitesimal deformation condition 
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c(m) and F(m) derived from equations (26) and (27) will be used extensively throughout 
the analysis of indentation creep for spherical indentation. 
Indentation h-t curves for various creep exponents 
Using the dimensionless parameters outlined in Chapter 2, we use the finite 
element method to produce indentation h-t curves for various values of m. Figure 16 
shows normalized h-t curves for m=1. By prescribing an identical normalized load, 
001.02 =ER
P , perfect overlapping of two of the h-t curves occurs. This is evidence of 
successful dimensional analysis. Figure 17 and Figure 18 show normalized h-t curves for 
m=3 and 5, respectively. Analogously, results of successful dimensional analysis are 
shown in the figures. 
In all the h-t plots, the h-t relation tends to approach a log-linear regime at longer 
times or larger depths of indentation. This log-linear regime is representative of the 
theoretical h-t relationship for creep given in equation (16). The deviation at shorter times 
or shallower depths is due to a transient occurring from elasticity. Due to elasticity, a 
finite depth of indentation is observed at time t/tmax=0. As creep deformation starts, the h-
t relationship approaches the rigid – power law creeping solid behavior, thereby 
producing the elastic transient from the initially predicted elastic indentation depth. This 
manifests itself as a breakdown of the linear relationship in the logh-logt curve. 
A new concept of normalization – the elastic normalization 
We now take advantage of known elastic solutions to further normalize the 
indentation h-t curves. The purpose of this normalization is to explore the feasibility of 






















































































Figure 18. h-t curves for m=5 (sphere, CLH) 
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Therefore, we introduce a new concept of normalization incorporating elastic material 
properties and the geometric features of the indenter. For indentation depth, 
normalization is performed with respect to the elastic depth for spherical Hertzian contact 

















Ph ν                         (28) 
Normalization of the indentation time requires a characteristic time derived from known 
variables. By combining the rigid – power law creep relation for spherical indentation 
under the CLH method (equation (16)), and the elastic depth hHertz, we obtain a 
characteristic time incorporating both finite elasticity and power law creep. Substituting 
hcreep into equation (16) with hHertz and solving for time t, we obtain a characteristic time. 
This is termed as the characteristic time for spherical indentation under the CLH method, 
tsphereCLH, and is given by: 
( ) ( )



























































                  (29) 
Physically, tsphereCLH represents the indentation time required to achieve twice the elastic 
depth. In equation (29), all the variables except c and B are assumed to be known from 
elasticity or from the boundary conditions of the problem. At larger depths or longer 
times, c is independent of depth and is a unique function of m. B can be obtained from the 
intercept of the logh-logt curve in the log-linear regime. 
Despite the difficulty in obtaining the indentation strain rate – mean pressure 
relation from indentation experiments, FEM provides us with the tools to examine 
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indentation strain rate – mean pressure data, and they are discussed here to illustrate 
several important points. In accordance with the normalization techniques used in this 
section, the indentation strain rate and the mean pressure are normalized with respect to 
elastic properties and geometric parameters of the indenter. The elastic mean pressure, 
(pmean)Hertz [29], given by: 





















                    (30) 
is used in normalizing the mean pressure. A characteristic indentation strain 
rate, ( ) sticcharacteriIε& , is derived by substituting (pmean)Hertz into equation (13), which gives: 
( ) ( )[ ]mI pB elasticmeansticcharacteri =ε&                     (31) 
Since the mean pressure decreases with time in a CLH experiment, equation (31) 
represents the maximum indentation strain rate for the elastic – power law creeping 
material. 
Using the normalization method outlined above, Figures 16-18 have been 
normalized and replotted as Figures 19-21. For the master h-t curves shown in Figure 19a, 
20a and 21a, the solution of Bower et. al. is derived by normalizing equation (16) with 






















h                     (32) 
Regardless of the load, elastic modulus, or sphere radius, elastic normalization produces 
master h-t curves that are solely dependent on m. In each of the master h-t curves, the 
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(a) Master h-t curve 
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Bower et. al. (1993)
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(b) Pile up-sink in variation 
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(a) Master h-t curve 
h/helastic




























(b) Pile up-sink in variation 
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(a) Master h-t curve 
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(b) Pile up-sink in variation 
 
Figure 21. Elastic normalized results for m=5 (sphere, CLH) 
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Transient phenomena are now explained in detail using the pile up-sink in 
variations. Initially, the surface of the creeping solid sinks in due to instantaneous 
elasticity, with the amount of sinking in equal to the elastic prediction. With the 
progression of creep deformation, the initially sunk in surface undergoes a change in 
shape which depends on m. 
According to the Hertzian contact analysis for spherical indentation [29], the pile 
up – sink in parameter, c is equal to 
2
1  for elastic contact. In Figure 19b, pile up – sink 
in parameter shows a constant value equal to 
2
1 , which is that for the elastic solution. 
Therefore, materials with m=1 do not exhibit transient induced by finite elasticity because 
the amount of sink in for a creeping material is exactly that produced by elastic 
deformation. When m=3, the initially sunk in surface gradually recovers from the sinking 
in. This process is shown in Figure 20b, where c approaches approximately 1. Therefore, 
m=3 represents surface deformation with no apparent piling up or sinking in. Similarly, 
the initially sunk in surface transitions to piling up for m=5, as shown in Figure 21b, and 
the resulting surface deformation is characterized by appreciable pile up after creep has 
occurred. 
The transient occurring from elasticity may also be observed in terms of the 
stress distribution on the deforming solid underneath the indenter. Figures 22-24 illustrate 
the constant von Mises contour plots for indentation of an elastic – power law creeping 
solid for spherical indentation under the CLH method with an applied normalized load of 
0001.02 =ER
P . The von Mises stress, S, in these plots has been normalized with respect 
to the elastic modulus, E. 
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(a) h/helastic=1                          (b) h/helastic=2 
   
(c) h/helastic=6                          (d) h/helastic=20 
 
(e) h/helastic=93 (maximum depth) 
 
 
Figure 22. von Mises stress distribution for m=1 (sphere, CLH) 
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(a) h/helastic=1                          (b) h/helastic=2 
   
(c) h/helastic=6                          (d) h/helastic=20 
 
(e) h/helastic=47 (maximum depth) 
 
 
Figure 23. von Mises stress distribution for m=3 (sphere, CLH) 
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(a) h/helastic=1                          (b) h/helastic=2 
   
(c) h/helastic=6                          (d) h/helastic=20 
 
(e) h/helastic=41 (maximum depth) 
 
 
Figure 24. von Mises stress distribution for m=5 (sphere, CLH) 
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In each of the figures, the changes in stress distribution are displayed with respective to 
the progression of indentation. According to elastic analysis for spherical indentations, 
the maximum von Mises stress develops below the surface of the solid [32]. This 
corresponds to h/helastic=1 in terms of elastic normalized depth. As is observed from the 
figures, this is indeed the case, regardless of creep exponents. As indentation progresses, 
the stress distribution changes according to the creeping nature of the material. These 
changes in stress distribution are a consequence of the transient occurring from elasticity. 
For m=1, 3, and 5, we observe that the stress distribution at a depth of h/helastic=20 is 
similar to that of the maximum depth. 
The normalized indentation strain rate – mean pressure relation is shown in 
Figure 25. For the CLH method, creep commences upon completion of elastic indentation. 
Therefore, the maximum values of mean pressure and indentation strain rate correspond 
to a single point at the upper right of the indentation strain rate – mean pressure curve. 
Irrespective of m, using the Hertzian elastic solution and the Bower et. al. prediction for 
power law creep, these values may be predicted analytically. The elastic mean pressure is 
the maximum mean pressure, and the corresponding maximum indentation strain rate can 
be evaluated from equation (31). The Bower et. al. solution for the indentation strain rate 
– mean pressure curve assumes a power law creep constitutive relation only, that is, no 
elasticity. Therefore, deviation from the Bower et. al. solution in the indentation strain 
rate – mean pressure curve is indicative of a transient induced by elastic deformation. 
When m>1, the maximum indentation strain rate for the elastic – power law creeping 









































m=1, Bower et. al. (1993)
m=3, Bower et. al. (1993)







Figure 25. Indentation strain rate – mean pressure curves (sphere, CLH) 
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This is due to the sinking in of the surface induced by elasticity in the transient regime 
resulting in smaller contact area and accordingly faster indentation strain rates. Also, the 
pressure distribution initially equal to the Hertzian elastic prediction changes as creep 
commences. The slopes of the linear regime of each of the curves represent the uniaxial 
creep exponent. 
Effects of elastic transient in the prediction of creep parameters 
Prediction of uniaxial creep parameters from indentation h-t curves is based on 
determining the slope of the linear regime and the corresponding intercept on log scales. 
The elastic transient may alter the slope of h-t curves. This results in a poor prediction of 
the uniaxial creep exponent and the corresponding uniaxial creep coefficient in the elastic 
transient. Figure 26 shows this influence. Here, the uniaxial creep exponents are 
estimated using a power law fit to local data of logh-logt curve to determine values for m 
and B. Approximately 10 local h-t data points are collected for determining the slope and 
intercept. The representative depth chosen is the average depth of the 10 local values. 
Uniaxial creep coefficients are estimated from the computed local m and Bower et. al. 
solutions corresponding to the computed local m. It is seen from Figure 26a that the error 
associated with the creep exponent estimation decreases as the indentation progresses to 
greater depths. The estimated error is less than 10% at a depth of h/helastic=15. An 
analogous analysis on the uniaxial creep coefficient A shows that h/helastic must be about 
20 for the error to reduce to 10%. Overall, this implies that the indentation should 
proceed to a depth of h/helastic=20 for the elastic transient to diminish and the effects of 



























(a) Changes in output creep exponent 
h/helastic





















(b) Changes in output creep coefficient 
 
Figure 26. Changes in output uniaxial creep parameters (sphere, CLH) 
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Elastic-Creep Transients for Spherical Indentation under the CRL 
Method 
Indentation process under the CRL method 
Under the CRL method, the load is continuously increased as a linear function 
of time. The distinction between elastic and creep indentation is not clear due to the 
inability to define a discrete elastic indentation depth, which is calculated for a constant 
load. As a consequence, it is difficult to explain the indentation process in a manner 
similar to the case under the CLH method that displayed discrete stages of deformation 
(Figure 13). The process of indentation is explained with a different approach, as shown 
in Figure 27. Initially, the indenter is at rest at time t=0. Upon loading, the deforming 
solid exhibits deformation characterized both by creep and elasticity (t=t1). The applied 
loading rate governs the manner in which the surface deforms. For extremely fast 
loading rates, surface deformation is dominated by purely elastic deformation due to 
insufficient time for the creep to take place. This is depicted in Figure 27a. Figure 27a 
shows the constant loading rate process at very fast rates for which the surface sinks in 
according to the predicted elastic solution. On the other hand, for very slow loading 
rates, a sufficient amount of time occurs for the creep deformation to dominate the 
whole indentation process. This is depicted in Figure 27b. Figure 27b shows a very slow 
loading rate that produces piling up of the surface, with the amount of pile up dependent 


























Indentation h-t and P-h curves for various creep exponents 
CRL can be analyzed in terms of both h-t and P-h curves. The h-t curve for m=1 
is shown in Figure 28. In addition to the h-t curve, the corresponding P-h curve is also 
presented. Both the h-t and the P-h curves are presented in dimensionless forms using the 
techniques outlined in Chapter 2 Overlapping of two of the curves occurs for the same 




. According to the Bower et. al. results in 
equations (19) and (20), the rigid – power law creep h-t or P-h curves should show a log-
linear relationship. Therefore, the breakdown of log linearity in the h-t or P-h curves at 
faster loading rates indicates the elastic transient effect. At faster loading rates, 
indentation is governed by more elastic effects than creep effects due to lack of time for 
creep deformation to accumulate. Figures 29 and 30 are plots of the h-t and P-h curves 
for m=3 and 5, respectively. Once again, successful dimensional analysis produces 






Elastic normalization for the CRL method 
Under the CRL method, the load on the indenter changes continuously. As a 
consequence, the elastic depth is not defined as a unique value but varies according to 
equation (28). However, since the applied load is a known at any time, we are still able to 
normalize indentation depth with elastic depth. For deriving the characteristic time, we 
adopt a procedure similar to the CLH method. Substituting hcreep with hHertz in equation 
(19) and solving for t, we obtain a characteristic time for spherical indentation under the 






















(a) h-t curves 
h/R




















(b) P-h curves 
 





















(a) h-t curves 
h/R





















(b) P-h curves 
 





















(a) h-t curves 
h/R





















(b) P-h curves 
 
Figure 30. h-t and P-h curves m=5 (sphere, CRL) 
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πν    (33) 
In addition to the characteristic time, a characteristic load is required to 
normalize the indentation load. The characteristic load for spherical indentation under the 
CRL method is derived by replacing hcreep with hHertz in the power law creep P-h 
relationship (equation (20)). The result is given by 









































































&πν      (34) 
Physically, PsphereCLH represents the indentation load required to achieve twice the elastic 
depth. 
For elastic normalization of the mean pressure and indentation strain rate, 
equations (30) and (31) are used, respectively. Figures 28-30 are normalized and replotted 
as master curves in Figures 31-33. The Bower et. al. prediction for the h-t curve is 
























h                        (35) 
The Bower et. al. prediction for P-h curve is derived by normalizing equation (20) with 
























P                        (36) 
Deviation from the Bower et. al. prediction indicates a transient induced by elasticity. 
The elastic transient may also be examined from changes in surface deformation. 
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t/tsphereCRL














Bower et. al. (1993)
m=1
 
(a) Master h-t curve 
h/helastic
















Bower et. al. (1993)
m=1
 
(b) Master P-h curve 
 



















Bower et. al. (1993)
m=3
 
(a) Master h-t curve 
h/helastic


















Bower et. al. (1993)
m=3
 
(b) Master P-h curve  
 

















Bower et. al. (1993)
m=5
 
(a) Master h-t curve 
h/helastic
















Bower et. al. (1993)
m=5
 
(b) Master P-h curve 
 
Figure 33. Elastic normalization results for m=5 (sphere, CRL) 
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Results of the progressive piling up or sinking in are shown in Figures 34-36. For m=1, a 
transient is not observed, which is in agreement with the theoretical prediction. This is 
due to the similarity in pressure distribution for Hertzian elastic contact and linear 
viscous creep. For m>1, c is initially equivalent to the elastic value, which is 
2
1 , but as 
indentation progresses, it approaches the Bower et. al. predictions. The transient depends 
on the creep exponent: for larger creep exponents, larger depths are required for the 
elastic transient to diminish and the indentation to be dominated by pure creep 
deformation. 
 We now examine the stress distribution for spherical indentation under the CRL 
method. Note that due to discretization problems, we are only able to acquire stress 
distribution results after 10 surface elements are in contact with the indenter. Since the 
loading rate has a direct influence on the indentation process, stress distribution for 
different loading rates are investigated. 
Figure 37 depicts the changes in stress distribution with respect to the indentation 
depth for m=1. Figure 37a represents a relatively faster loading rate ( 422 10
−=
RAE
P& ) and 
Figure 37b represents a relatively slower loading rate ( 822 10
−=
RAE
P& ). Load varies as a 
function of the indentation depth for the CRL method. The geometries of the deformed 
surfaces at different values of loading rates are not directly comparable to each other due 
to the elastic normalization process employed. However, we observe that the changes in 
stress distribution with respect to the normalized depth show results analogous to the 
stress distribution changes for the CLH method; that is, at very shallow depths 

























































































































Figure 36. Changes in surface deformation for m=5 (sphere, CRL) 
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h/helastic=1.1                         h/helastic=7.4 (maximum depth) 
 






   
h/helastic=11                          h/helastic=100 (maximum depth) 
 






Figure 37. von Mises stress distributions for m=1 (sphere, CRL) 
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As the indentation progresses, the von Mises stress distribution gradually changes to a 
fully developed creep prediction. Similar changes in stress distribution starting from the 
elastic prediction to the creep prediction are shown for m=3 and 5 in Figures 38 and 39, 
respectively. 
The indentation strain rate – mean pressure curves are shown in Figure 40. 
Decoupling elasticity from creep is extremely complicated for the CRL method. 
Therefore, examining the behavior of changes in elastic mean pressure under varying 
load and the corresponding equivalent indentation strain rate is critical in order to 
understand the indentation strain rate – mean pressure relation. First, we need to examine 
the limits imposed by elasticity. To do so, we begin with Hertzian elastic solution given 
by equation (28). Differentiating equation (28) with respect to time, we obtain 





























ν                        (37) 














PRa ν                            (38) 
Dividing equation (37) by equation (38), we obtain a variable analogous to an indentation 
strain rate: 























⎛ ν                       (39) 
We may rewrite equation (39) in terms of elastic mean pressure, giving 















                  (40) 
 76
   
h/helastic=1.01                         h/helastic=3 (maximum depth) 
 






   
h/helastic=6                          h/helastic=54 (maximum depth) 
 






Figure 38. von Mises stress distributions for m=3 (sphere, CRL) 
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h/helastic=1.1                         h/helastic=3.7 (maximum depth) 
 






   
h/helastic=4.3                         h/helastic=32 (maximum depth) 
 















































m=1, Bower et. al. (1993)
m=3, Bower et. al. (1993)







Figure 40. Indentation strain rate – mean pressure curves (sphere, CRL) 
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Physical interpretation of equation (40) is ambiguous due to the rate-dependent terms 
displayed in elastic solutions. However, equation (40) should yield the maximum 
permissible equivalent indentation strain rate under varying elastic mean pressure. For 
clarification, we rewrite equation (40) as: 









&                    (41) 
Figure 41 schematically shows the maximum permissible indentation strain rate 
combined with the Bower et. al. prediction of the creep indentation strain rate as a 
function of mean pressure. During the initial stages of indentation, the indentation strain 
rate – mean pressure relation follows the upper portion of the curve represented by a 
slope of negative 2. If the deformation was governed entirely by elasticity, the indentation 
strain rate – mean pressure relation would proceed along this curve described with slope 
of negative 2. As power law creep starts to have influence on the deformation, indentation 
strain rate – mean pressure relation makes a gradual transition to the power law creep 
curve shown as the dotted line in Figure 41. This results in a knee-shaped curve in the 
transient regime. Therefore, we conclude from Figure 41 that regardless of the creep 
exponent, the indentation strain rate – mean pressure relation for an elastic – power law 
creeping solid under the CRL method exhibits transient phenomena. Evidence of this is 
shown Figure 40 as the deviations from the Bower et. al. solution, even for m=1. 
Sensitivity of output data analysis influenced by elasticity 
The sensitivity of creep parameter prediction to the elastic transient in the CRL 
method is illustrated in Figure 42, which shows results for both the h-t and P-h behaviors. 







































m=1, h-t or P-h
m=3, h-t or P-h
m=5, h-t or P-h
theoretical prediction
 
(a) Changes in output creep exponent 
h/helastic

















m=1, h-t or P-h
m=3, h-t or P-h
m=5, h-t or P-h
theoretical prediction
 
(b) Changes output uniaxial creep coefficient 
 
Figure 42. Changes in output uniaxial creep parameters (sphere, CRL) 
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The error in the creep exponent reduces to less than 10% only at a depth of h/helastic=20. 
The uniaxial creep coefficient A is very sensitive to elasticity, as seen in Figure 40b. The 
error covers several orders of magnitude. Thus, caution must be exercised when 
estimating the uniaxial creep coefficient from spherical indentation under the CRL 
method. 
 
c(m) and F(m) for Rigid – Power Law Creeping Solid Using Conical 
Indenters 
Uniaxial creep parameter prediction from indentation based on the similarity 
transformation [6] assumes infinitesimal deformation – infinitesimal strain. For spherical 









sphereε                             (42) 
The radius of contact or correspondingly the depth of indentation thus clearly has a direct 







a  to avoid 
difficulties [19]. For conical indentation, the effective strain [29] is often described by 
βε cot2.0cone =                          (43) 
Thus, for indenters with smaller half-included cone angles β, the influences of finite 
strain may be important. 
Here, the influences of finite deformation – finite strain for conical indentation 
are addressed. The main purpose is to provide c(m) and F(m) for conical indentation in a 
manner that accounts for the finite strains. Half-included cone angles of 60°, 70°, and 80° 
will be considered with emphasis on the 70° half-included cone angle, which is the 
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conical equivalent of the Berkovich indenter. The CRL method is employed to conduct 
this study, with the P-h curve being the preferred data for analysis. In the CRL method, the 
applied load starts at zero and increases with time. From a simulation perspective, this enables 
better convergence when larger creep exponents are considered. Therefore, simulation results for 
larger creep exponents are more easily obtained using the CRL method. 
Determining the uniaxial creep exponent from h-t or P-h curves 
m can be predicted from either the h-t or P-h curve as outlined in Chapter 3, 
provided that the solid behaves in a rigid – power law creeping manner. Unfortunately, 
finite element modeling does not provide the capabilities of rigid – power law creeping 
constitutive relation [27]. As a consequence, elasticity must be built in to the constitutive 
law, and accordingly, a transient due to this elasticity is unavoidable. Accuracy is 
examined by comparing the FEM h-t or P-h curve for a given creep exponent to the 
theoretical rigid – power law creep h-t or P-h curves. This is demonstrated in Figure 43. 
Figure 43a shows the h-t curves obtained from indentation for several different creep 
exponents at very long times after the elastic transient has subsided. A conical indenter 
with half-included cone angle of 70° was used to generate the data. The h-t data have 
been produced at different loading rates for different creep exponents, all of which are 
representative of relatively slow loading rates. Each h-t curve shown is a power law 
regression to the FEM data. The creep exponent has been calculated from the slope of 
logh-logt curves by means of equation (24). For, the input values are noted. For a truly 
rigid elastic – power law creeping solid, output slope should be identical to the input 
slope. The output slopes are all within 1% of deviation from the input, implying that 





















































(b) P-h curves for various m 
 
Figure 43. Comparison of output to input h-t or P-h slopes (70° cone, CRL) 
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Similar results are shown for of P-h curves in Figure 41b, where the output slopes have 
been extracted using equation (25). Therefore, we are capable of simulating rigid – power 
law creeping behavior by controlling the loading rates to small values, and the output 
creep exponents obtained from relatively slow loading rates should be representative of a 
rigid – power law creeping solid. Figure 44 depicts the accuracy of output creep exponent 
produced by finite element simulation. Results are shown for the three different half-
included cone angles used in this study. Intuitively, the simulations performed with larger 
creep exponents are expected to yield results with larger errors induced by the 
nonlinearity in the constitutive law. The maximum deviation of output creep exponent 
from the input value is less than 3%. Based on the output creep exponent analysis, we 
conclude that the creep results derived in this section are free from errors caused by the 
elastic transient. Supplementary proof of the unimportance of the elastic transient is given 
in Figure 45. For a rigid – power law creeping solid, piling up or sinking in of the surface 
should be independent of indentation depth and only a function of the creep exponent for 
infinitesimal strain – infinitesimal deformation assumption [19]. Figure 45 demonstrates 
this fact for indentation with a conical indenter of 70° half-included cone angle. In Figure 
45, it is seen that by selecting data for depths that are larger than 40% of the maximum 
depth, the pile up – sink in parameter c is constant. Therefore transients are unimportant 
when small depth data are discarded. This procedure has been exercised throughout the 
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Figure 45. c independent of depth 
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Indentation creep solutions for conical indenters 
According to equation (25), m is directly derivable from the P-h creep 
relationship. However, the uniaxial creep coefficient A is not readily available, but may 
be obtained from the intercept of a logP-logh plot, which gives the indentation creep 
coefficient B. Therefore, a knowledge of the relationship between the two creep 
coefficients is required in order to fully predict uniaxial creep parameters from 
indentation. Most of the variables in the lumped coefficient representing the intercept in 
equation (25) are known values from the loading conditions, the geometry of the indenter, 
or the slope of the logP-logh in the log linear regime. The only exception is c. The 
dependence of c on the creep exponent for different half-included cone angles is shown in 
Figure 46. The Bower et. al. solution also shown in the figure is derived under the 
assumption of infinitesimal strain – infinitesimal deformation. For the conical indenter, 
the half-included cone angle has to approach 90° for this assumption to be strictly valid. 
Therefore, blunt cones approaching the geometry of a flat punch indenter have to be used 
in order to produce such results. The results in Figure 46 show that the blunt indenter 
behavior is approached, but the non-90° cone angles produce deviations from the Bower 
et. al. prediction that could be significant. Solutions for the relations of pile up – sink in 
parameter c and the inverse of creep exponent 1/m derived in this study for different half-



























ccmc β                 (44) 
The parameters of the regression are given in Table 6. 
 88
 
Inverse of Creep Exponent, 1/m































Bower et. al. (1993)
 
 
Figure 46. Pile up – sink in solution for conical indenters 
 
 
Table 6. Fit parameters for c(m,β) equations 
 
β c0 c1 c2 c3 
60° 1.326 -0.925 0.470 -0.210
70° 1.310 -0.948 0.540 -0.252
80° 1.281 -0.884 0.493 -0.247
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We note that piling up or sinking in of the surface as a function of creep exponent has a 
weak but possibly important dependence on the half-included cone angle of the conical 
indenter. 
With the information regarding c, we are now able to determine the indentation 
creep coefficient, B. The prediction of unaxial creep coefficient from indentation involves 
a functional relationship between B and A. This is achieved by the reduced contact 
pressure, F(m)=(A/B)1/m. The definition of F(m) is given in equation (9). The dependence 
of F(m,β) on β and m is shown in Figure 47. The relations between F(m) and 1/m derived 




































FFmF β              (45) 
The parameters of the regression are given in Table 7. The functional relationship in 
Figure 47 shows weak dependence on the half-included cone angle for small creep 
exponent values. For larger creep exponents, the half-included cone angle is more 
important. The c(m,β) and F(m,β) functions presented here should serve as references in 
predicting uniaxial power law creep parameters from indentation when conical 
indentations are considered. 
c(m,β) and F(m,β) in the limiting cases 
c(m,β) and F(m,β) are bounded by two natural limiting values when plotted as 
the inverse of the creep exponent, 1/m. 1/m=1 implies a linear viscous solid, which 
behaves analogous to a linear elastic solid. When 1/m=0, m approaches infinity. This 
represents a rigid – perfectly plastic solid. For this special case, we are able to redefine 
F(m,β) in terms of purely plastic deformation. 
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Bower et. al. (1993)
 
 
Figure 47. Creep coefficients correlation for conical indenters 
 
 
Table 7. Fit parameters for F(m,β) equations 
 
β F0 F1 F2 F3 F4 
60° 2.280 3.496 -13.253 12.349 -4.069 
70° 2.588 2.745 -12.428 11.915 -3.996 
80° 2.889 1.522 -10.242 10.074 -3.407 
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β mean,                        (48) 
provided that the ratio of uniaxial strain rate to indentation strain rate is finite. Equation 
(48) is the definition of constraint factor [31] for a rigid – perfectly plastic solid. 
Therefore, we are able to obtain creep solutions for m approaching infinity by simulating 
elastic – time independent perfectly plastic behavior. Figure 48 shows FEM results for 
c(β) and Fc(β) for time independent plasticity. c(β) is the pile up – sink in parameter and 
Fc(β) is the constraint factor, both of which show a dependence on the half-included cone 
angle. c(β) is apparently affected by elasticity for smaller values of E/σy. As E/σy 
increases, c(β) approaches constant values which represent rigid – perfectly plastic 
solutions. The same trend is observed for Fc(β). Figures 46 and 47 are replotted to 
include the limiting case of m approaching infinity in Figures 49 and 50, respectively. In 
Figure 48, a decrease in F(m,β) for small 1/m after experiencing a peak is observed for 
results with conical indenters. Bower et. al. also observed this peak. 
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(a) c for various half-included cone angles 
E/σy























(b) Fc for various half-included cone angles 
 






























































Figure 50. Extended F(m,β) curve 
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Elastic-Creep Transients for Conical Indentation under the CLH 
Method 
The functions c(m,β) and F(m,β) obtained for conical indentation in the previous 
section allow us to investigate the elastic creep transient phenomenon for conical 
indenters. The manner in which the study is carried out is similar to the study of the 
elastic transient for spherical indentation, as given earlier in this chapter. We will initially 
explore the transient under the CLH method for various half-included cone angles. 
Indentation process under the CLH method with conical indenters 
The deformation process for the CLH indentation under conical indenters is 
described by a procedure analogous to spherical indentation under the CLH method, with 
the exception that the indenter is treated as conical shape. Upon loading, instantaneous 
elastic impression is followed by creep deformation. Similar to indentation with the 
spherical indenter, data is collected as creep progresses, thereby representing time 
dependent deformation with a transient appearing in the early stages of the h-t curves. 
Conical indenters with half-included cone angles of 70° and 80° are considered. 
Simulation attempts with a 60° cone were unsuccessful due to convergence 
problems. In finite element simulation, the process of indentation is partitioned into small 
increments. Force equilibrium and moment equilibrium must be satisfied in order to 
progress to the next increment. When convergence is not satisfied at any given increment, 
the finite element code automatically recalculates the given time increment, with a 
smaller increase in input values, until equilibrium is satisfied. Convergence becomes a 
problem when the minimum value in the increment reaches a limit set by the code. In 
viscoplastic analysis, this limit is set by time. The time limit for the minimum range of 
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creep integration is 10-40 [27]. For indentation with a 60° cone, this limit was reached in 
the first few attempts due to relatively large amount of effective strain imposed on the 
deformable solid. Therefore, convergence was not achieved and the calculation aborted. 
However, for 70° and 80° cones, the effective strain was small enough to achieve 
equilibrium at a finite number of calculation attempts. 
Indentation h-t curves for conical indentation 
Figure 51 shows the indentation h-t curves from conical indentation with the CLH 
method for m=1. All indentations were performed to the same maximum depth. Overlapping of 
h-t curves is achieved when normalized load, 
( )2maxhE
P  is identical. Figures 52 and 53 are 
similar h-t curves for m=3 and 5, respectively. Analogous results demonstrating successful 
dimensional analysis are observed in these figures. Transients are shown as deviations from log 
linearity at shallower depths or shorter times of indentation. 
Elastic normalization for conical indentation under the CLH method 
Similar to spherical indentations, elasticity provides a way to further normalize 
the results for conical indentations. In the elastic normalization process for conical 
indentation, we use Sneddon’s [31] elastic solutions for indentation by a rigid cone. The 
elastic depth for conical indentation is employed in normalizing the indentation depth. 
















Ph                         (49) 
For derivation of a characteristic time, we adopt the same procedure used for 












β=70, E=1e3, P=100, A=1e0
β=70, E=1e3, P=10, A=1e0
β=70, E=1e1, P=0.1, A=1e0
β=80, E=1e3, P=100, A=1e0
β=80, E=1e3, P=10, A=1e0



























β=70, E=1e3, P=100, A=1e0
β=70, E=1e3, P=10, A=1e0
β=70, E=1e1, P=0.1, A=1e0
β=80, E=1e3, P=991.882, A=1e0
β=80, E=1e3, P=39.6753, A=1e0


























β=70, E=1e3, P=100, A=1e0
β=70, E=1e3, P=10, A=1e0
β=70, E=1e1, P=0.1, A=1e0
β=80, E=1e3, P=991.882, A=1e0
β=80, E=1e3, P=89.2694, A=1e0
β=80, E=1e1, P=0.892694, A=1e0











Figure 53. h-t curves for m=5 (cone, CLH) 
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From the rigid – power law creep h-t relationship for conical indentation under the CLH 
method (equation (22)), we replace hcreep with hSneddon in equation (22) and solve for t. We 
define this variable as the characteristic time for conical indentation under the CLH 
method, tconeCLH. The mathematical expression for tconeCLH is 
( )














νπ                   (50) 
Physically, tconeCLH is indentation time required to achieve twice the elastic depth. Note 
that this variable has no dependence on the applied load. In equation (50), all the other 
variables, except for m, B and c, are known from elastic properties or geometric features 
of the indenter. m is acquired from the slope of logh-logt relationship in the log linear 
regime. B is obtained from the intercept of this log-linear curve. Once m is known, c may 
be estimated according to equation (44). 
When considering the mean pressure to indentation strain rate relationship, the 
elastic mean pressure [31] and indentation strain rate at the elastic mean pressure are used 
to normalize respective variables, which are given by 
( ) ( ) βν tan12 2Sneddonmean −=
Ep                      (51) 
( ) ( )[ ]mI pB Sneddonmeansticcharacteri =ε&                     (52) 
Using equations (49) and (50), master h-t curves can be produced, that depend 
only on m. First, we examine the linear viscous case, m=1. The master h-t curve for m=1 
is shown in Figure 54a. Modified Bower results are predictions of indentation of a rigid – 
power law creeping solid modified to account for the effects of finite deformation. The 
term ‘modified Bower’ is used since c(m) and F(m) for conical indentation must include 
the effects of half-included cone angle. 
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(a) Master h-t curve 
h/helastic






























β=80, Modified Bower (Sohn)
m=1
 
(b) Surface deformation changes during indentation 
 
Figure 54. Elastic normalization results for m=1 (cone, CLH) 
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                      (53) 
The transient in the master h-t curve is due to the elasticity and manifests itself as a 
deviation from the modified Bower relation. The corresponding surface deformation is 
depicted in Figure 54b. As expected, a transient behavior is not observed for m=1. 
Figures 55 and 56 illustrate the master h-t curves for m=3 and 5, respectively. In 
both of the cases, a transient is observed not only in the h-t relationship but also in the 
surface deformation. Figure 55b and 56b show the sinking in of the surface. This 
sinking in of the surface is due to the elastic nature of the initial deformation. As 
indentation progresses, the surface deformation starts to exhibit the effects of creep, and, 
at sufficiently larger depths or longer indentation times, the amount of sinking in or 
piling up is equivalent to the predicted value for rigid – power law creep. 
In a manner similar to the analysis of spherical indentation under the CLH 
method, constant von Mises stress contours for 70° conical indentation are shown in 
Figures 57-59. Here, the von Mises stress is normalized with respect to E. In Figure 57-
59, the initial stress distribution at depth of h/helastic=1 is typical of an elastic stress 
distribution. As indentation progresses, the stress distribution changes to reflect the 
permanent deformation of the material governed by power law creep. The stress 
distribution at maximum depth of each of the creep exponents, as shown in Figures 57f, 
58f, and 59f, represents the typical stress distribution of indentation for fully developed 
creep at the given creep exponent. 
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(a) Master h-t curve 
h/helastic



































(b) Surface deformation changes during indentation 
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(a) Master h-t curve 
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(b) Surface deformation changes during indentation 
 




(a) h/helastic=1                         (b) h/helastic=2 
  
(c) h/helastic=4                         (d) h/helastic=8 
  
(e) h/helastic= 12                       (f) h/helastic= 13.8  
(maximum depth) 
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(maximum depth) 
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(e) h/helastic=12                        (f) h/helastic=13.9 
(maximum depth) 
 
Figure 59. von Mises stress distribution for m=5 (70° cone, CLH) 
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Therefore, the transient induced by elasticity manifests itself as different stress 
distributions with respect to the progression of indentation for different creep exponents. 
Results for the relations between indentation strain rate and mean pressure are 
shown in Figure 60. A transient induced by elasticity is not observed when m=1, in 
agreement with the theoretical prediction. However, when m>1, a transient manifests 
itself as a deviation from the proposed modified Bower solution in each of the curves. 
The slopes of indentation strain rate – mean pressure curve at longer indentation times 
are equal to the creep exponents of the material. 
Error in uniaxial creep parameter prediction due to elastic transient 
We now predict uniaxial creep parameters from the h-t curves of an elastic – 
power law creeping solid. The uniaxial creep parameters are computed from local finite 
element h-t results with approximately 10 data points fitted to power law regression. 
The representative depth of each result is the average depth of the selected data range. 
The uniaxial creep exponent is estimated from the slope of logh-logt data, and the 
uniaxial creep coefficient B is determined using the local exponent and relevant values 
for other variables by the expression in equation (22). Figure 61 shows the results. 
When estimating the uniaxial creep exponent, a depth of h/helastic=5 yields output results 
within 10% of the input values. However, the uniaxial creep coefficient is more affected, 
producing relatively larger errors. For m=5, h/helastic=10 yields an output uniaxial 
coefficient 30% larger than the input value. Despite this error in estimating the uniaxial 
creep coefficient, the worst overestimation of uniaxial creep coefficient is still within 































































(a) Output uniaxial creep exponent calculation 
h/helastic






















(b) Output uniaxial creep coefficient calculation 
 
Figure 61. Effects of the elasticity on uniaxial creep parameters (70° cone, CLH) 
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Compared to the errors in estimating the uniaxial creep coefficient from spherical 
indentation using the CLH method (400%), errors from conical indentation under the 
CLH method are relatively small. One possible explanation for the smaller errors for 
conical indentation is the nature of the geometry of the indenter. The conical indenter 
has a singularity at its tip that promotes plasticity. Therefore, the effects of elasticity 
disperse more quickly and easily than for a spherical indenter. 
 
Elastic-Creep Transients for Conical Indentation under the CRL 
Method 
Indentation process for conical indentation under the CRL method 
The process of indentation under the CRL method using a conical indenter is 
explained in a manner analogous to spherical indentation under the CRL method. Note 
once again that the distinction between discrete elastic deformation and plasticity caused 
by creep is complicated. This process is shown in Figure 62. For extremely fast loading 
rates, surface deformation is dominated by purely elastic deformation. On the other hand, 
for very slow loading rates, creep deformation may dominate the whole indentation 
process. 
Indentation h-t and P-h curves for various creep exponents 
Using dimensional analysis, h-t and P-h curves from conical indentation under 
the CRL method are presented in Figures 63-65, for m=1, 3, and 5, respectively. For 
each of creep exponent, three different half-included cone angles are considered with 
different loading rates. The breakdown in log-linearity at faster loading rates is 

































β=60, E=1e3, dP/dt=1e4, A=1e0
β=70, E=1e3, dP/dt=1e2, A=1e0






(a) h-t curves 
h/hmax













β=60, E=1e3, dP/dt=1e4, A=1e0
β=70, E=1e3, dP/dt=1e2, A=1e0






(b) P-h curves 
 













β=60, E=1e3, dP/dt=1e8, A=1e0
β=70, E=1e3, dP/dt=1e4, A=1e0
β=70, E=1e3, dP/dt=1e2, A=1e0






(a) h-t curves 
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β=60, E=1e3, dP/dt=1e8, A=1e0
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(b) P-h curves 
 













β=60, E=1e3, dP/dt=1e12, A=1e0
β=70, E=1e3, dP/dt=1e6, A=1e0
β=70, E=1e3, dP/dt=1e2, A=1e0
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(a) h-t curves 
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(b) P-h curves 
 
Figure 65. h-t and P-h curves for m=5 (cone, CRL) 
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Application of elastic normalization 
Elastic properties and known geometric parameters of the indenter may be used 
to normalize the h-t and P-h curves to produce master h-t or P-h curves. The procedures 
to determine the appropriate normalizing variables are similar to those for spherical 
indentation under the CRL method. The indentation depth is normalized using the 
elastic depth for conical indentation (equation (49)). In order to normalize indentation 
time and indentation load, characteristic time and characteristic load are required. This 
is achieved in a manner similar to spherical indentation under the CRL method. We first 
examine the rigid – power law creep h-t relationship for conical indentation under the 
CRL method. By substituting equation (49) into equation (24) and solving for t, we 
obtain a characteristic time, tconeCRL. This is given by: 
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Likewise, the characteristic load is derived from the rigid – power law creep P-
h relationship. By replacing hcreep in equation (25) with the elastic depth of equation (49), 
we obtain a characteristic load for conical indentation under CRL method, PconeCRL, 
given by: 














































        (55) 
Characteristic loading rates are obtained by dividing equation (55) with 
equation (54). The result is a unit loading rate, in agreement with the result of 
dimensional analysis for conical indentation under the CRL method (Table 4). 
The mean pressure and indentation strain rate can be normalized with equations 
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(51) and (52), respectively. The result of this elastic normalization yields master h-t and 
P-h curves as demonstrated in Figures 66-68. The modified Bower results in Figures 
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P                    (57) 
The master h-t and P-h curves show deviations from the modified Bower results, which 
are effects induced by elasticity. Regardless of the creep exponent, the h-t or P-h curves 
approach the predicted rigid – power law creeping prediction at longer indentation times 
or larger indentation depths. The purpose of these master curves is to demonstrate the 
feasibility of elastic normalization and to study the effects of the elastic transient on the 
h-t and P-h curves. For m=3 and 5, the half-included cone angles of the conical indenter 
and the loading rates were selected to represent important portions of these master 
curves. Therefore, breaks in the master h-t and P-h curves for m=3 and 5 are observed in 
the resulting plots. 
Implications of the elastic transient may be explained in detail in terms of the 
surface deformation. When m=1, c should be a constant equal to the elastic prediction. 
For a 70° cone, this is shown to be the case in Figure 69. For m>1, a transient regime 
appears in the pile up – sink in parameter plot. Figures 70 and 71 depict the changes in 
surface deformation for m=3 and 5, respectively. 
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(a) Master h-t curve 
h/helastic





















(b) Master P-h curve 
 

























(a) Master h-t curve 
h/helastic























(b) Master P-h curve 
 



























(a) Master h-t curve 
h/helastic

























(b) Master P-h curve 
 






























β=70, E=1e3, dP/dt=1e2, A=1e0
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Figure 71. Changes in surface deformation for m=5 (70° cone, CRL) 
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The initial value of c is consistent with Sneddon’s [31] elastic predictions. In 
Figures 70 and 71, c exhibits a transient as it approaches the rigid – power law creep 
prediction as indentation progresses. 
Figures 72-74 show stress distributions at different normalized indentation 
depths for m=1, 3, and 5, respectively. These contour diagrams indicate the changes in 
stress distribution with respect to the indentation depth. Figure 72 depicts results for 








P& , since at this normalized loading rate, indentation covers normalized 
depths representative of elastic dominated to fully creep dominated regime. Figures 73 
and 74 show the changes in stress distribution for m=3 and 5, respectively. Here, results 
are shown for relatively faster loading rates and relatively slower loading rates in order 
to demonstrate the changes in stress distribution for both small and large indentation 
depths. 
Figure 75 shows the indentation strain rate – mean pressure curves for different 
values of m. The indentation strain rate – mean pressure data is in a good agreement 
with rigid – power law creep predictions at small mean pressures and indentation strain 
rates. The deviation from the rigid – power law creep prediction at high mean pressure 
(i.e, at the beginning of an indentation experiment) is an indication of the elastic 
transient. Note that a transient is observed even for m=1 in Figure 75. This transient may 
be explained in a manner similar to the transients for m=1 from spherical indentation 
under the CRL method. As the load changes during indentation, the corresponding 
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Figure 75. Indentation strain rate – mean pressure curves (70° cone, CRL) 
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νπ                    (58) 
Dividing equation (58) by the elastic contact radius [31] for conical indentation, we 
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Rewriting equation (59) in terms of the elastic mean pressure, we obtain 





























1 && νπ                   (60) 
The left-hand side of equation (60) is a strain rate equivalent variable that defines the 
maximum indentation strain rate at the elastic mean pressures. For conical indentation, 
the elastic mean pressure is not dependent on load. Therefore, according to equation 
(60), load variation during indentation results in elastic indentation strain rates that do 
not change, thus giving a vertical line in a plot of Iε&log  versus ( )meanlog p . This is 
depicted in Figure 76 as the solid vertical line. The pressure at which this occurs is the 
elastic mean pressure. As creep commences, the initially elastically dominated 
indentation strain rate – mean pressure curve makes a gradual transition toward the rigid 
– power law creep regime. This curve is shown as the dotted line in Figure 76. Therefore, 
the indentation strain rate – mean pressure curves exhibit a transient regardless of the 


















Figure 76. Limiting curves of indentation strain rate – mean pressure (cone, CRL) 
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Precision of uniaxial creep parameters 
The effect of elasticity in precisely determining unaxial creep parameters of a 
material with a 70° conical indenter under the CRL method is demonstrated in Figure 77. 
Uniaxial creep exponents and uniaxial creep coefficients were computed from 10 local 
data points on the h-t or P-h curve. For the uniaxial creep exponent, the maximum 
estimated error at the shallow depth of h/helastic=2 is within 40%, and at a depth of 
h/helastic=5, the prediction yields results with errors less than 10%. The uniaxial creep 
coefficient is slightly more sensitive with a maximum overestimation of 70%. Note that 
the magnitudes of the errors in predicting the uniaxial creep coefficient using conical 
indentation under the CRL method are much smaller than those of spherical indentation 
























m=1, h-t or P-h
m=3, h-t or P-h
m=5, h-t or P-h
theoretical prediction
 
(a) Output uniaxial creep exponent calculation 
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theoretical prediction
 
(b) Output uniaxial creep coefficient calculation 
 
Figure 77. Effects of the elasticity on uniaxial creep parameters (70° cone, CRL) 
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CHAPTER 5 – CONCLUSIONS FOR INDENTATION OF 
AN ELASTIC – POWER LAW CREEPING SOLID 
    
The primary conclusions drawn from the study of indentation of an elastic – 
power law creeping solid are presented in this chapter. The conclusions provide 
recommendations to experimentalists on how to best conduct indentation creep 
experiments to make meaningful measurements of fundamental creep parameters, 
especially m and A. 
 
Conclusions 
1) The use of h-t or P-h curves produced from spherical or conical indentation enables 
us to predict the uniaxial power law creep parameters from indentation. For an elastic – 
power law creeping solid, the uniaxial creep exponent can be obtained from the slope of 
logh-logt or logP-logh curve at long times or large depths. With auxiliary functional 
relationships, the uniaxial creep coefficient can be computed from the intercept of logh-
logt or logP-logh curve. A flowchart showing this process is shown in Figure 78. 
2) For spherical indentation, c(m) and F(m) by Bower et. al. may be used as the 
auxiliary functional relationships. For conical indentation, c(m,β) and F(m,β) must be 
redefined as introduced in this dissertation. Table 8 lists the auxiliary functional 
relationships for spherical and conical indentations. 
3) With elastic normalization, master h-t or P-h curves are available from FEM for 
different indenter geometries and different loading methods. The normalizations are 




















 (CLH, CRL) 
creep exponent m 
(from slope) 
indentation 
creep coefficient B 
(from intercept) 
uniaxial 











Table 8. Auxiliary functional relationship for spherical and conical indentations 
 
 c(m) or c(m,β)  
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Table 9. Summary of elastic normalizations for spherical indentation 
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Table 10. Summary of elastic normalizations for conical indentation 
 











Normalized Load Not Applicable 
coneCRLP
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The master curves produced from elastic normalizations are unique functions of the 
creep exponent. The master h-t curves for the CLH method are shown in Figures 79-81. 
In each of these plots, the FEM produced master h-t curves fit well to a 7-parameter fit 












101 xxxxxxxxxxxxxxy +++++++=         (61) 
Fit parameters for master h-t curves of the CLH method are listed in Table 11. In a 
similar manner, master P-h curves for the CRL method are shown in Figures 82-84. 
Again, the master P-h curves fit well to equation (61). Table 12 lists the fit parameters 
for master P-h curves for Figures 82-84. 
4) Rigid – power law creep conditions are achieved when the indentation depth exceeds 
a certain criteria. The parameter h/helastic can be used to determine the depth. The depth 
criteria to avoid elastic transient for both spherical and conical indentations are shown in 
Table 13. 
 
Recommendations to the Indentation Experimentalists 
The first uniaxial power law creep parameter available from the indentation h-t 
or P-h curve is the uniaxial creep exponent. Since we know the rigid – power law creep 
h-t or P-h relationship, creep exponents determined from the slopes of logh-logt or 
logP-logh may be examined for limiting cases of m. As m varies from 0 to ∞, the 
corresponding variations in the slopes of h-t or P-h curves are shown in Table 14. In the 
majority of the cases, only a slight change in the slope results in creep exponents 
varying from 0 to ∞. 
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(a) spherical indentation 
t/tconeCLH














(b) conical indentation 
 


















(a) spherical indentation 
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(b) conical indentation 
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(b) conical indentation 
 













m x0 x1 x2 x3 x4 x5 x6 
1 4.06e-3 2.85e1 -1.34e2 2.88e2 -3.26e2 1.92e2 -4.81e1 
3 -7.14e-6 1.13e-1 -8.64e-1 3.16e0 -2.51e0 9.89e-1 -2.79e-1 sphere 
5 3.49e-9 -2.73e-3 4.91e-2 -3.34e-1 1.68e0 -8.44e-1 1.11e-1 
1 -2.36e-3 6.74e0 -3.57e1 8.88e1 -1.09e2 6.60e1 -1.64e1 
3 6.28e-8 -5.51e-3 7.18e-2 -4.02e-2 1.62e0 -9.87e-1 9.00e-2 cone 













































(b) conical indentation 
 







































(b) conical indentation 
 







































(b) conical indentation 
 













m x0 x1 x2 x3 x4 x5 x6 
1 -7.67e-1 9.03e2 -4.96e3 1.13e4 -1.32e4 8.16e3 -2.16e3 
3 -8.35e-1 2.06e2 -5.33e2 2.08e2 5.77e2 -6.77e2 2.19e2 sphere 
5 -3.24e0 6.20e2 -1.62e3 5.65e2 2.07e3 -2.48e3 8.55e2 
1 -8.33e0 7.15e3 -3.70e4 7.90e4 -8.65e4 4.99e4 -1.24e4 
3 4.29e1 -4.35e3 1.10e4 -4.31e3 -1.17e4 1.42e4 -4.84e3 cone 












Table 13. Criteria for avoiding elastic transient 
 





























































Therefore, estimated creep exponents are highly sensitive to the slope of indentation 
logh-logt or logP-logh curves. 
Based on the analysis and results provided from this dissertation, conical 
indentation compared to spherical indentation is more capable of avoiding elasticity at 
relatively shallower normalized depth, h/helastic. Therefore, employing conical indenter in 
indentation experiments may be a preferable choice. However, recommendation on 


















CHAPTER 6 – APPLICATION OF INDENTATION CREEP 
TO PURE ALUMINUM UNIAXIAL CREEP DATA 
 
In this chapter, we compare the results and conclusions drawn from the previous 
chapters in this dissertation to a practical material with known power law creep 
parameters for the purpose of examining the feasibility of extracting realistic uniaxial 
power law creep parameters from indentation. Pure aluminum is selected as the material 
of interest. Luthy et. al. have provided extensive uniaxial creep parameters for pure 
aluminum at various temperatures [2].  
 
Temperature Dependent Uniaxial Power Law Creep Parameters for 
Pure Aluminum 
Luthy et. al.’s uniaxial creep test results describe power law as well as power 
law breakdown behavior of creep for pure aluminum [2]. The correlation between 






















ss&                      (3) 
with m=4.8 and α=2600. According to their analysis, the data exhibit power law 
breakdown behavior for σ/E>4×10-4. For stresses less than σ/E<4×10-4, a power law 





















ε&                      (62) 



















⎛′=&                    (63) 
The relationship is now expressed in terms of steady-state strain rate and steady-state 
stress with a coefficient and exponent in the mathematical form we adopt for this 
dissertation. By comparing equations (63) and (1), we are able to determine the creep 










α                         (64) 
Here, α, m, and E are known values. By reanalyzing Luthy et. al.’s results, we are able to 
estimate K´=2.03×1014 [m-2]. The only other term requiring numerical evaluation is the 
Deff, which is the diffusion coefficient. Luthy et. al. use existing literature to suggest the 
following correlation for Deff. 





































































         (65) 
Here, R is the universal gas constant and T is the absolute test temperature. The first two 
terms in the right side of equation (65) represents diffusion coefficient for self-lattice 
diffusion. These two additive terms in the self-lattice diffusion is due to two existing self-
lattice diffusion coefficient for pure aluminum, as explained in detail by Luthy et. al. [2]. 
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The last term in the right side of equation (65) with the dependence on normalized stress 
(σ/E) accounts for the dislocation pipe diffusion [2]. Combining equations (64), (65), and 
the known values for K´, α, E, and m, A in terms of temperature compensated parameters 
for pure aluminum is given by 
































































       (66) 
The typical range [33] over which majority of creep data are typically acquired is 
34 1010 −− <<
G
σ                            (67) 
In equation (67), σ is the applied stress and G is the shear modulus of the material. 
Rewriting equation (67) with the elastic modulus (E=70GPa) and Poisson’s ratio of pure 
aluminum (ν≈0.3) yields 
45 1085.31085.3 −− ×<<×
E
σ                        (68) 
For simplicity, accepting the average value of typical σ/E in uniaxial creep test 
(σ/E=2.12×10-4), the correlation of the uniaxial creep coefficient A to the test temperature 
considered in Luthy et. al. is shown in Figure 85. 
 
Application of Indentation Creep to Pure Aluminum 
According to Luthy et. al., the uniaxial creep exponent of pure aluminum is 4.8 
and the uniaxial creep coefficient is given by Figure 85 for a typical σ/E value. 


































Figure 85. Correlation of A to test temperature for pure aluminum [2] 
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indentation creep exponent is 5), we are able to apply the results and conclusions drawn 
from previous chapters of this dissertation to determine the necessary experimental 
conditions needed to extract the uniaxial creep coefficient of pure aluminum. Note that 
since a temperature dependence was not built into the creep model used in this 
dissertation, we simply assume that the activation energy for creep calculated from 
indentation is identical to the activation energy for creep from the uniaxial creep test. 
Therefore, the temperature dependence in indentation creep is assumed to be same as 
the temperature dependence of uniaxial creep. With this assumption, we proceed to 
propose required indentation experimental conditions for spherical and 70° conical 
indenters. In order to avoid estimation errors caused by elasticity from indentation, the 
criteria of interest in estimating the uniaxial creep parameters is the depth of indentation 
with respect to the elastic depth. 
Application of pure aluminum data to spherical indentation under the CLH method 
In Chapter 4, it was suggested that a depth of at least h/helastic=20 should be 
achieved to avoid elastic transients in predicting the uniaxial creep parameters for 











h                        (69) 
When condition set by equation (69) is applied to equation (32), which is the master 














t                        (70) 
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for m=5. Substituting tsphereCLH with equation (29) for m=5 and rearranging equation (70) 
yields 
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Substituting the known variables and parameters into equation (71), the required time 
for indentation to produce valid data may be expressed as a function of the uniaxial 







Rt ≥                          (72) 
To visualize this problem explicitly, we choose an indenter of R=50μm with an 
applied load of P=10mN. Note that, due to restrictions on infinitesimal strain – 
infinitesimal deformation issue (a/R<0.4), the maximum depth of indentation in this 
case should be limited to 3.5μm. We now define the critical time of indentation 
according to the relation provided by equation (72), tcritical, to be the minimum time for 
the indenter to be driven in to yield an h-t curve free from elastic transient. Then tcritical 
can be calculated for the given indentation conditions and the result is shown in Figure 
86. Note that at this given indentation experiment condition, the initial elastic depth is 
helastic≈58nm. It is seen from Figure 86 that, it takes an unrealistic amount of time 
(impossible in a real indentation experiment) for the effects of elasticity to diminish in 
the h-t curve at 100°C. The temperature dependence of tcritical is very strong, and at 
































Figure 86. An example of critical time as a function of test temperature (sphere, 
CLH) 
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real indentation experiment (tcritical=1781sec or 30min). Thus, assuming that indentation 
test can be conducted at this temperature, the uniaxial creep exponent m may be 
estimated within 5% of error and the uniaxial creep coefficient A may be estimated 
within 20% of error according to the results from this dissertation. 
Application of pure aluminum data to spherical indentation under the CRL method 
Similar to the situation for spherical indentation under the CLH method, depth 










h                        (73) 
in order to avoid the elastic transient. In terms of the master curve P-h relation (equation 














P                        (74) 
for m=5. Substituting PsphereCRL with equation (34) for m=5 and rearranging equation 
(74) yields 




























































               (75) 
Substituting the known variables and parameters into equation (75), the required load 
for indentation to produce valid data may be expressed as a function of the uniaxial 
































                         (76) 
For practical application, we choose an indenter of R=50μm with an applied loading 
rate of dP/dt=1μN/sec. Once again, infinitesimal strain – infinitesimal deformation issue 
(a/R<0.4) imposes a restriction on the depth of indentation. Thus, the maximum depth of 
indentation in this case is limited to 3.5μm. We now define the critical load of indentation 
according to the relation provided by equation (76), Pcritical, to be the minimum load for the 
indenter to be driven in to yield h-t or P-h curve free from elastic transient. Then Pcritical can be 
calculated for the given indentation conditions and the result is shown in Figure 87. It is 
demonstrated in Figure 87 that, an unrealistic load of 2786 mN should be achieved before valid 
data is acquired at a test temperature of 100°C. Again, the temperature dependence of Pcritical is 
very strong, and at approximately 350°C, this critical load drops to 4mN. In terms of time, this 
corresponds to 4038 seconds (or 1.1 hours), which is achievable in experimental conditions, 
provided that the test temperature is stabilized at 350°C. 
Application of pure aluminum data to 70° conical indentation under the CLH method 
The depth criteria to avoid the elastic transient for conical indentation under the 










h                        (77) 
When condition set by equation (77) is applied to the master curve h-t relation (equation 









































t                        (78) 
for m=5. Substituting tconeCLH with equation (50) for m=5 and rearranging equation (78) 
yields 
( )( )( ) ( )( )





≥                    (79) 
Substituting the known variables and parameters into equation (79), the required time 
for indentation to produce valid data may be expressed as a function of the uniaxial 
creep coefficient as 
A
t 30570476≥                          (80) 
We define the critical time of indentation in a manner analogous to the analysis 
for spherical indentation under the CLH method. Therefore, tcritical is the minimum time 
for the indenter to be driven in to yield an h-t curve free from elastic transient. Then 
tcritical can be calculated for the given indentation conditions and the result is shown in 
Figure 88. From Figure 88, we observe that an unrealistic amount of time (impossible in 
a real indentation experiment) is required for the effects of elasticity to diminish in the 
h-t curve at 100°C. However, at 250°C, the critical time decreases to a value that may be 
achieved in a real indentation experiment (tcritical=1386sec or 23min). 
Application of pure aluminum data to 70° conical indentation under the CRL method 














































h                        (81) 
in order to avoid the elastic transient. Examining the master P-h curve for m=5 for 
conical indentation under the CRL method, the corresponding condition in terms of the 












P                        (82) 
Rewriting equation (82) with PconeCRL given by equation (55) yields 
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Substituting the known variables and parameters into equation (83), the required load 
for indentation to produce valid data may be expressed as a function of uniaxial creep 




≥                          (84) 
For a practical application, a loading rate of dP/dt=1μN/sec is considered. 
Pcritical is the minimum load for the indentation to achieve in order to avoid the effects of 
elasticity for the CRL method. Figure 89 shows the correlation of Pcritical to test 
temperature. An unrealistic load of 3.15×105 mN should be achieved before valid data is 
acquired at a test temperature of 100°C. The critical load drops to 0.66mN at 300°C. In 
terms of time, this corresponds to 11 minutes, which is achievable in experimental 
conditions, provided that the test temperature is stabilized at 300°C. 































Figure 89. An example of critical load as a function of test temperature (70° cone, 
CRL) 
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indentation experiment condition outlined in the above sections are presented in Figures 
90 and 91. Based on the analyses and results in this dissertation, these curves are 































(b) P-h curve 
 













Intended test temperature = 300oC
dP/dt=1μN/sec
 












Intended test temperature = 300oC
dP/dt=1μN/sec
 
(b) P-h curve 
 
Figure 91. Predicted h-t and P-h curve for pure aluminum (70° cone, CRL) 
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CHAPTER 7 – INDENTATION OF AN ELASTIC – 
HYPERBOLIC SINE LAW CREEPING SOLID 
 
Extension of similarity transformation methods to rigid – hyperbolic sine law 
creep is not straightforward, and a simple analytical correlation between uniaxial creep 
and indentation creep may is not available. A previous study using the finite element 
method to simulate an elastic – hyperbolic sine law creeping solid assumed similarity in 
the constitutive relationships [22]. In studying indentation of a hyperbolic sine law 
creeping solid, we assume without proof that a simple correlation similar to the case of a 
power law creeping solid exists between uniaxial and indentation creep. Specifically, 
indentation of a hyperbolic sine law creeping solid is also characterized by a hyperbolic 
sine law equation of the form 
( )[ ]mI pBB mean21 sinh≈ε&                         (85) 
where B1 and B2 are material constants. The validity of this assumption based on finite 
element simulation is demonstrated in Figure 92. In this figure, a hyperbolic sine law 
equation is fit to the results from FEM, and these are compared to the input constitutive 
relationship. To avoid the effects of elasticity, the mean pressure and indentation strain 
rate data are taken at relatively long indentation times and large indentation depths. 
Therefore, the resulting input constitutive relation may be characterized by hyperbolic 
sine law without the addition of elasticity. When this condition is satisfied, it is seen 
from Figure 92 that the output constitutive law is well described by a 3-parameter 
hyperbolic sine law fit with a coefficient, a hyperbolic multiplier, and an exponent. 
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input equation ( )σε sinh=&
( )[ ]mean304.0sinh998.3 pI =ε&
 
(a) conical indentation (70° cone, CRL) 



















input equation( )[ ]σε 5.0sinh=&
( )[ ]mean135.0sinh407.4 pI =ε&
 
(a) spherical indentation (CLH) 
 
Figure 92. Similarity in constitutive relation between uniaxial and indentation 
creep for hyperbolic sine law equation 
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The input constitutive relationship is characterized an analogous 3-parameter hyperbolic 
sine law implying that there is an analogy between the uniaxial and indentation creep 
constitutive relationships. When the argument within the hyperbolic sine function in 
equation (2) is small, equation (2) reduces to the power law relationship 
( )mAA σε 21≈&                            (86) 
In a similar manner, equation (85) reduces to 
( )mI pBB mean21≈ε&                          (87) 
for small arguments. Comparing equations (86) and (87), we hypothesize that a 
hyperbolic sine law creeping solid should be similar to indentation of a power law 
creeping solid at relatively small mean pressures and small indentation strain rates. 
Applying the power law solutions for spherical and conical indentation, we obtain the 
following important relationships for indentation of hyperbolic sine law creeping solid: 
( )mcc =                              (88) 















=                           (89) 
In this chapter, we present methods for determining uniaxial creep parameters 
from indentation of an elastic – hyperbolic sine law creeping solid. Due to finite element 
difficulties, only indentation with a conical indenter under the CRL method and 
indentation with spherical indenter under the CLH method will be examined in detail. 





Application of Solutions Obtained for Indentation of a Power Law 
Creeping Solid 
Accepting the hypothesis that the indentation creep constitutive relation for 
hyperbolic sine law creep at longer indentation times and larger indentation depths is 
characterized by equation (87), we apply the same analytical reasoning developed in 
Chapter 3. By replacing the indentation strain rate and mean pressure in equation (87) 
with primary variables of indentation, we obtain 
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           (91) 
Equation (90) is the rigid – power law creep h-t relation for conical indentation under 
the CRL method. Equation (91) is the rigid – power law creep h-t relation for spherical 
indentation under the CLH method. In a manner similar to Chapter 3, the hyperbolic 
sine law creep exponent, m, is determined from the slope of logh-logt curves in 
equations (90) and (91) at long times. The distinction between h-t curves from power 
law creep and hyperbolic sine law creep is observed in terms of the intercept of the 
logh-logt curves. Instead of obtaining a single coefficient B, we obtain a lumped 
coefficient B1(B2)m from equations (90) and (91), provided that c is known. Figure 93 
shows that the pile up – sink in parameter c for hyperbolic sine law creep approaches the 
power law creep prediction. This power law prediction is used as the known c value. 
Applying equation (89), A1(A2)m is determined from B1(B2)m. 
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sinh law results for m=1
power law prediction for m=1
 
(a) conical indentation (70° cone, CRL) 
h/R






















sinh law results for m=1
power law prediction for m=1
 
(b) spherical indentation (CLH) 
 
Figure 93. c approaching the power law prediction (sphere, CLH) 
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In summary, application of power law creep indentation results provides 
methods in determining the uniaxial hyperbolic sine law creep exponent. In addition, the 
lumped coefficient A1(A2)m can be determined. This is demonstrated in Figure 94. In 
Figure 94, h-t curves produced from an elastic – hyperbolic sine law creep solid are 
shown with power law regression results. The power law regression lines are taken from 
data at long times. For the conical indentation using the CRL method shown in Figure 
94a, the output exponent from the slope of the h-t curve (moutput=3.106) is within 5% 
error with respect to the input value (minput=3). Using the power law predictions of c 
(equations (44)) at the computed output exponent values, the indentation lumped 
coefficient B1(B2)m is calculated from the intercept of h-t curve. Using equation (89), the 
output uniaxial lumped coefficient is estimated to be 0.154, which is approximately 23% 
larger than the input unaxial lumped coefficient (0.125). Analogous analysis for the 
results of spherical indentation using the CLH method (Figure 94b) yield output creep 
exponent (moutput=2.89) within 5% of the input value (minput=3). Corresponding output 
uniaxial lumped coefficient computed in a manner similar to Figure 94a is 0.734, which 
is approximately 27% smaller than the input value (1.000). 
 
Nature of Power Law Breakdown in Hyperbolic Sine Function 
The analyses and results discussed above do not provide a complete solution for 
obtaining all the uniaxial hyperbolic sine law creep parameters. In order to accomplish 
this, knowledge of either A1 or A2 is independently required. For this purpose, we 
examine the nature of hyperbolic sine law equation. Figure 95 is a numerically 
generated plot of the hyperbolic sine equation. 
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(a) conical indentation (70° cone, CRL) 
t, [sec]


























(b) spherical indentation (CLH) 
 


















( )[ ]mxAy sinh1=









Figure 95. Shift in power law breakdown for hyperbolic sine law equation 
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Both curve 1 and curve 2 are characterized by a hyperbolic sine equation with three 
parameters; A1, A2, and m. The slopes in the log-linear regime for both of the curves are 
represented by the exponent, m. Careful observation yields information regarding the 
initiation of power law breakdown. The only distinction between the two curves is the 
difference of A2 within the argument of the hyperbolic sine function. As a consequence, 
there is a shift in the location of the initiation of power law breakdown. Therefore, A2 is 
the critical parameter governing where on the x-axis the breakdown in power law 
behavior commences. This argument will be used as the additional piece of information 
in determining the uniaxial hyperbolic creep parameters from indentation. 
 
Prediction of Uniaxial Hyperbolic Sine Law Creep Parameters from 
Indentation 
With the arguments outlined in the previous sections, methods for determining 
uniaxial hyperbolic sine law creep parameters from indentation are now presented. We 
consider conical indentation under the CRL method and spherical indentation under the 
CLH method. 
Indentation h-t curves 
Transients induced by power law breakdown originating from hyperbolic sine 
function manifest themselves as deviations from a log linear relationship in h-t curves. 
Figure 94 illustrates the examples of deviations for a linear (m=1) and a non-linear 
(m=3) creep constitutive relation. In Figure 96, the input constitutive law for hyperbolic 
sine law creep is equation (2). The input constitutive relation for power law creep in 












m=1, E=1000, A1=1, A2=1, dP/dt=1e2
m=3, E=500, A1=1, A2=0.375, dP/dt=1e4
m=1, power law creep (β=70)








(a) conical indentation (70° cone, CRL) 
t/tmax








m=1, E=500, A1=1, A2=1, P=1e-1
m=3, E=1017, A1=1, A2=1, P=4.71e-2
m=1, power law creep








(b) spherical indentation (CLH) 
 
Figure 96. Deviation from log linear relation for hyperbolic sine law creep 
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We observe that h-t curves converge toward each other at longer indentation times or 
larger indentation depths, which is a result of reduction of hyperbolic sine law equation 
to power law equation for small arguments. In addition to hyperbolic sine law behavior, 
finite elasticity is also expected to contribute to the transient behavior. The effect of this 
elastic transient will be discussed in detail in later sections. Indentation h-t curves for 
various input parameters are shown in Figure 97. These curves represent indentation 
results for a hyperbolic sine law creeping solid with various hyperbolic sine law creep 
coefficients A1, hyperbolic sine law creep multipliers A2 and loading rates for an 
exponent of m=1. As seen from Figure 97, different values of elastic properties and 
uniaxial hyperbolic sine law creep parameters produce different indentation h-t curves 
when normalized using the dimensional analysis. Analogous to the study of indentation 
of an elastic – power law creeping solid, the next step is to investigate the feasibility of a 
normalization method that produces a unique h-t curve solely dependent on the creep 
exponent of the material. This is conducted in a manner similar to the elastic 
normalization process for an elastic – power law creeping solid. 
Elastic normalization 
Analogous to indentation of a power law creeping solid, elastic normalization 
simplifies the boundary value problem. In indentation of an elastic – hyperbolic sine law 
creeping solid, the significant indentation variables are h, t, A1, A2, and m. Among these 
variables, h, t, and A2 may be normalized using elastic properties and geometric features 
of the indenter. The elastic depth (equation (28) or equation (49)) is used in normalizing 
the indentation depth. According to the way in which we write the hyperbolic sine law 












E=1e3, A1=1, A2=5, dP/dt=1e4
E=1e3, A1=1, A2=1, dP/dt=1e4,







(a) conical indentation (70° cone, CRL) 
t/tmax








E=1e3, A1=1, A2=1, P=0.5
E=1e3, A1=1, A2=0.5, P=0.1 







(b) spherical indentation (CLH) 
 
Figure 97. h-t curves for hyperbolic sine law creep (m=1) 
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Therefore, we select the elastic mean pressure (equation (30) or equation (51)) as the 
normalizing parameter, or: 
( ) ( )[ ]elasticmean2malizedElasticNor2 pAA =                  (92) 
To normalize indentation time, a characteristic time is required. The 
characteristic time is derived in a manner similar to that for indentation of a power law 
creeping solid. For conical indentation, substituting hcreep with the elastic depth 
(equation (49)) in equation (90) and solving for time t, we obtain the characteristic time. 
This is termed the characteristic time for hyperbolic sine law creep for conical 
indentation under constant rate of loading, tsinhconeCRL. The mathematical expression for 
tsinhconeCLR is 
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For spherical indentation, substituting hcreep with the elastic depth (equation (28)) in 
equation (91) and solving for time t, we obtain the characteristic time for hyperbolic 
sine law creep for spherical indentation under a constant rate of loading, tsinhsphereCRL. 
This is given by: 
( ) ( ) ( )
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Figure 98 presents the results of Figure 97 replotted to include elastic 
normalization. As a result, h-t curves with the same value of A2[(pmean)elastic] form a 
single normalized h-t curve. Different elastic normalized h-t curves are produced for 











E=1e3, A1=1, A2=5, dP/dt=1e4
E=1e3, A1=1, A2=1, dP/dt=1e4




(a) conical indentation (70° cone, CRL) 
t/tsinhsphereCLH












E=1e3, A1=1, A2=0.5, P=0.1




(b) spherical indentation (CLH) 
 
Figure 98. Elastic normalized h-t curves for hyperbolic sine law creep (m=1) 
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Therefore, master h-t curves solely dependent on creep exponent are not possible. 
Method of determining A2 from indentation 
m and A1(A2)m are directly determinable from indentation h-t curves. Since A2 is 
related to the power law breakdown in hyperbolic sine law equation, we compare 
indentation h-t curves from power law creep and indentation h-t curves from hyperbolic 
sine law creep. This is shown in Figure 99 for both conical indentation under the CRL 
method and spherical indentation under the CLH method. In Figure 99, three different 
indentation h-t curves are shown. The two curves represented by a solid and a broken 
line are the results of indentation of a power law creeping solid. The solid line 
represents indentation results of an elastic – power law creeping solid (Model-I). The 
broken line represents indentation results of a rigid – power law creeping solid (Model-
II). These results (Model-I and Model-II) may be compared with h-t curves from the 
hyperbolic sine law creeping solid for the determination of A2. However, in indentation 
experiments, power law creep h-t curves with accurate description of the elastic 
transient may not be easily obtained. Therefore, Model-II may be the only practical way 
to evaluate A2. As a result of elastic normalization of hyperbolic sine law h-t curves, a 
semi-master h-t curve can be constructed for a particular value of A2[(pmean)elastic]. 
Therefore, by varying the A2[(pmean)elastic], we can obtain different h-t curves for 
hyperbolic sine law creep. This is demonstrated in Figure 100. Each of these h-t curves, 
when compared to h-t curves from power law creeping results, exhibits different 
deviations. This difference is used in correlating A2 with measurable indentation 
parameters. We compute the ratio of normalized depth of hyperbolic sine law creep to 
the normalized depth of power law creep at a given normalized time.  
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t/tsinhconeCRL or t/tconeCRL 










E=1e3, A1=1, A2=1, m=1, dP/dt=1e4
E=1e3, A1=1, A2=1, m=1, dP/dt=1e2
E=1e3, A1=1, A2=1, m=1, dP/dt=1e0
power law, m=1 (elasticity)











(a) conical indentation (70° cone, CRL) 
t/tsinhsphereCLH or t/tsphereCLH










E=1e3, A1=1, A2=1, m=1, P=0.5
power law, m=1 (elasticity)











(b) spherical indentation (CLH) 
 

















power law, m=1 (elasticity)
power law, m=1 (no elasticity)
 
(a) conical indentation (70° cone, CRL) 
t/tsinhsphereCLH or t/tsphereCLH













power law, m=1 (elasticity)
power law, m=1 (no elasticity)
 
(b) spherical indentation (CLH) 
 
Figure 100. h-t curves for different values of A2[(pmean)elastic] 
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For convenience, we choose the normalized time to be unity, mainly because the 
deviation between h-t curves from hyperbolic sine law creep and h-t curves from power 
law creep is different enough to be measured at this value. By varying the A2 parameter 
in the finite element simulations, we are able to obtain the manner in which 
A2[(pmean)elastic] varies as a function of the normalized depth ratios outlined above. 
Results for A2 correlation – conical indentation under the CRL method 
Here, we consider the results for conical indentation under the CRL method. 
Under this boundary and loading condition, A2[(pmean)elastic] is expressed by: 
( ) βν tan12 2
2
−
EA                            (95) 
All the variables in equation (95) are readily available except A2. Correlation of 
A2[(pmean)elastic] to the depth ratio is shown in Figures 101 and 102. Table 15 lists all the 
simulation parameters involved in Figures 101 and 102. Figure 101 is the result when 
indentation of an elastic – hyperbolic sine law creep is compared to indentation of an 
elastic – power law creeping material (Model-I). Figure 102 is the result when 
indentation of an elastic – hyperbolic sine law creep is compared to indentation of a 
rigid – power law creeping material (Model-II). The curves show results for creep 
exponents of m=1, 3, and 5. The minimum value of A2[(pmean)elastic] considered in this 
study was 10. When A2[(pmean)elastic]<10, regardless of creep exponent, the hyperbolic 
sine law creep h-t curves show practically no distinction from power law creep h-t 
curves. Figure 103 shows an example of similar h-t curves for power law and hyperbolic 
sine law creep when A2[(pmean)elastic]<10 for spherical indentation under the CLH method. 
The result of these non-distinguishable h-t curves corresponds to depth ratios less than 













































































Table 15. Simulation parameters used in obtaining results for Figures 101 and 102 
 
m A2[(pmean)elastic] E, [GPa] A1, [sec-1] A2, [GPa-1] dP/dt, [mN/sec] 
1000 500 1 5 1e4 
750 500 1 3.75 1e4 
500 500 1 2.5 1e4 
300 500 1 1.5 1e4 
200 500 1 1 1e4 
100 500 1 0.5 1e4 
75 500 1 0.375 1e3 
50 500 1 0.25 1e3 
30 500 1 0.15 1e3 
1 
10 500 1 0.05 1e3 
200 500 1 1 1e6 
100 500 1 0.5 1e6 
75 500 1 0.375 1e4 
50 500 1 0.25 1e4 
30 500 1 0.15 1e4 
3 
10 500 1 0.05 1e3 
100 500 1 0.5 5e6 
75 500 1 0.375 1e6 
50 500 1 0.25 3e5 
30 500 1 0.15 1e5 
5 

























Figure 103. Hyperbolic sine law creep h-t similar to power law h-t curve for 
A2[(pmean)elastic] < 10 (sphere, CLH) 
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The maximum values of A2[(pmean)elastic] in this study are influenced by simulation 
convergence. Fast indentation strain rates in the early stages of indentation give rise to 
large numbers of time increment refinement. This phenomenon gets worse as the creep 
exponent gets larger. Thus, larger creep exponents are limited by smaller maximum 
A2[(pmean)elastic] values. The curves shown in Figures 101 and 102 both fit well to a 2rd 
order polynomial regression given by 
2
210 xxxxxy ++=                          (96) 
The parameters of the regression are shown in Table 16. 
Sensitivity of uniaxial creep properties prediction to the transient – conical indentation 
under the CRL method 
Based on the previous section, we are able to obtain A2 directly by comparing h-
t curves from hyperbolic sine law creep and power law creep assuming that power law 
creep results are available (note: from an experimental standpoint, this is probably not 
the case). Potential error in predicting A2 results from the accuracy of the A2 prediction 
curves given by Figures 101 and 102. m and A1 are obtained from h-t curve of the 
hyperbolic sine law creep in the log-linear regime. Therefore, deviation from log 
linearity in the h-t relationship has a direct impact on the accuracy of the estimated m 
and A1. The resulting errors are shown in Figure 104 with the simulation parameters 
involved in extracting results listed in Table 17. The h-t data collected in computing m 
and A1 are local values representing 10 data points. The depth represents an average 
value of these 10 data points. Creep exponent prediction is less sensitive to errors from 
the transient, with overestimation of creep exponent by approximately 80% at h/helastic=2. 










Table 16. Regression results for A2 curve (70° cone, CRL) 
 
 Model-I Model-II 
m x0 x1 x2 x0 x1 x2 
1 110.45 -290.97 186.86 110.46 -207.60 95.12 
3 43.62 -196.76 158.10 43.68 -143.12 83.58 
































(a) Output uniaxial hyperbolic sine law creep exponent calculation 
h/helastic
























(b) Output uniaxial hyperbolic sine law creep coefficient calculation 
 









Table 17. Simulation parameters involved in Figure 104 
 
m A2[(pmean)elastic] E, [GPa] A1, [sec-1] A2, [GPa-1] dP/dt, [mN/sec] 
100 1000 1 0.5 1e2 
1 
100 1000 1 0.5 1e0 
100 1000 1 0.5 1e2 
100 1000 1 0.5 1e0 
100 1000 1 0.5 1e-2 
3 
100 1000 1 0.5 1e-4 
100 1000 1 0.5 1e2 
100 1000 1 0.5 1e-1 
100 1000 1 0.5 1e-4 
5 







Based on Figure 104b, a minimum indentation depth of h/helastic=20 is needed to ensure 
the prediction to be within 10%. 
Result for A2 correlation – spherical indentation under the CLH method 
Results are now presented for spherical indentation under the CLH method. 




















                       (97) 
Correlation between the parameters shown in equation (97) and the depth ratio is shown 
in Figures 105 and 106. Table 18 lists all the simulation parameters involved in Figures 
105 and 106. When A2[(pmean)elastic]<7.6, the depth ratios are less than 1.03, which are 
too small for distinction. The maximum values of A2[(pmean)elastic] were limited by 
simulation convergence. For the selected range of A2[(pmean)elastic], results show a linear 
dependence described by 
xxxy 10 +=                        (98) 
The parameters of the regression are shown in Table 19. 
Restrictions in modeling conical indentation under the CLH method and spherical 
indentation under the CRL method 
For conical indentation under the CLH condition, simulation was unsuccessful. 
This is due to convergence issues caused by limitations in the minimum value of time 
(10-40, in terms of seconds in this problem) set by ABAQUS™ [27]. Under the CLH 
method, the surface undergoes initial elastic deformation. Upon completion of elasticity, 





























































































Table 18. Simulation parameters used in obtaining results for Figures 105 and 106 
 
m A2[(pmean)elastic] E, [GPa] A1, [sec-1] A2, [GPa-1] P, [mN] 
32.59 1000 1 1 5e-1 
20.53 1000 1 0.5 1e0 
19.06 1000 1 1 1e-1 
12.93 250 1 1 5e-1 
12.01 500 1 1 1e-1 
10.27 1000 1 0.25 1e0 
9.55 500 1 0.3692 1e0 
1 
7.56 250 1 1 1e-1 
15 1017 1 1 4.7124e-2 
13 881 1 1 4.0841e-2 
11 746 1 1 3.4558e-2 
9 610 1 1 2.8274e-2 
7 475 1 1 2.1991e-2 
3 
5 339 1 1 1.5708e-2 
9 1221 1 0.5 5.6550e-2 
8 2170 1 0.25 1.0053e-1 
7 4748 1 0.1 2.2000e-1 
6 81 1 5 3.7700e-3 
5 34 1 10 1.5700e-3 
5 












Table 19. Regression results for A2 curve (sphere, CLH) 
 
 Model-I Model-II 
m x0 x1 x0 x1 
1 -49.57 51.33 -49.57 32.13 
3 -49.87 52.16 -49.86 32.63 










In order to satisfy force and moment equilibrium at the first increment of the creep stage, 
the indentation time has to be very small. This limit is set by the finite element code. 
Once the limit of the minimum time increment has been reached, the finite element code 
determines that convergence is not achievable and aborts further calculation. For conical 
indentation of an elastic – hyperbolic sin law creeping solid, the 70° cone experiences 
this problem. 
For spherical indentation under the CRL method, problems in obtaining useful 
data were encountered related to producing hyperbolic sine law creep h-t curves that are 
distinguishable from power law creep h-t curves. To observe power law breakdown, 
faster loading rates are required. Unlike conical indentation, distinguishable h-t curves 
(at least 3% deviation of depth ratio at t/tcharacteristic=1) were not produced even at the 
maximum permissible loading rates set by ABAQUS™. Without being able to 
distinguish between hyperbolic sine law creep h-t curves and power law creep h-t curves, 
there is no means to provide a correlation of measurable parameters to A2. 
 
Indentation Results Compared with Existing Uniaxial Test Results 
Luthy et. al. [2] have provided uniaxial creep test results for pure aluminum 
using a hyperbolic sine law creep constitutive law. A mathematical expression of their 






















ss&                         (3) 
When we compare equations (2) and (3), we are able to find a relationship between A2 









A α2                            (99) 
For conical indentation the elastic mean pressure is expressed by equation (51). 
Therefore, A2[(pmean)elastic] may be rewritten by combining equations (51) and (99) to 
give: 










pA                  (100) 
In the Luthy et. al. data, α=2600 and m=4.8. For materials with Poisson’s ratio 
considered in this dissertation (ν=0.3) and an indenter with half-included cone angle of 
70°, A2[(pmean)elastic]=520. Unfortunately, for the given indentation simulation conditions, 
the results of this dissertation provides A2 only up to A2[(pmean)elastic]=100 for m=5. 
Therefore, a direct comparison of the proposed method in determining A2 from 














CHAPTER 8 – CONCLUSIONS FOR INDENTATION OF 
AN ELASTIC – HYPERBOLIC SINE LAW CREEPING 
SOLID 
 
In this chapter, finite element simulations for indentation of an elastic – 
hyperbolic sine law creeping solid are presented. The feasibility of extracting uniaxial 
hyperbolic sine law creep parameters from indentation is examined, and the necessary 
correlations are provided. The conclusions may be summarized as follows: 
1) Indentation of a hyperbolic sine law creeping solid may be characterized by an 
analogous hyperbolic sine law for the Iε&  versus meanp  relationship. Although a 
mathematical proof may not be possible, FEM data in Figure 92 are provided that show 
the analogy seems to hold. 
2) For small mean pressures, indentation of a hyperbolic sine law creeping materials 
reduces to power law behavior. In terms of the h-t curve, this corresponds to large 
indentation depths or long indentation times. In this regime, indentation solutions for 
power law creep are used in estimating the uniaxial hyperbolic sine law creep exponents. 
Additionally, a lumped coefficient comprising the uniaxial hyperbolic sine law 
coefficient A1 and uniaxial hyperbolic sine law multiplier A2 is available from the power 
law regime. 
3) A method is developed that enables one to predict the hyperbolic sine law multiplier 
A2 from normalized indentation h-t curves using measurable indentation parameters for 
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particular indentation geometries and loading methods. In determining A2 by the 
proposed method, A2[(pmean)elastic] defined by equations (95) and (97) becomes a 
significant parameter. The method developed in this study is applicable to practical 
indentation situations only for a limited range of A2[(pmean)elastic]. 
4) The complete process of determining the three uniaxial hyperbolic sine law creep 
parameter is shown in Figure 107. h-t curves with indentation creep solutions developed 
for power law creep are used in determining the creep exponent m and the lumped 
coefficient A1(A2)m. In addition, an auxiliary correlation developed in this study is used 
in determining the hyperbolic sine law multiplier A2. 
5) Experimental implementation may be difficult due to the difficulties in obtaining the 
























Figure 107. Flowchart of uniaxial hyperbolic sine law creep parameter extraction 
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